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SHARP REACHABILITY RESULTS FOR
THE HEAT EQUATION IN ONE SPACE DIMENSION

KARIM KELLAY, THOMAS NORMAND AND MARIUS TUCSNAK

This paper gives a complete characterization of the reachable space for a system described by the
1-dimensional heat equation with L? (with respect to time) Dirichlet boundary controls at both ends. More
precisely, we prove that this space coincides with the sum of two spaces of analytic functions (of Bergman
type). These results are then applied to give a complete description of the reachable space via inputs
which are n-times differentiable functions of time. Moreover, we establish a connection between the norm
in the obtained sum of Bergman spaces and the cost of null controllability in small time. Finally we show
that our methods yield new complex analytic results on the sums of Bergman spaces in infinite sectors.

1. Introduction

Determining the reachable space of a controlled dynamical system is a major question in control theory.
Knowledge of this set gives important information on our capability of acting on the state of a system
and for safety verifications. This fundamental question is well understood for linear finite-dimensional
systems (see Section 2 below for some background material) but much less is known for time-invariant
linear infinite-dimensional systems (namely those governed by partial differential equations). Most of the
known results in this context concern the case when the system is exactly controllable, which means, as
stated below, that the reachable state coincides with the state space of the system. When the reachable
space is a strict subspace of the state space, its description is generally far from complete. In this work
we focus on a case which might look very elementary but which encompasses a rich structure: a system
described by the heat equation in one space dimension with Dirichlet boundary control. The first results
on this problem go back to the seminal paper of [Fattorini and Russell 1971] (see also [Ervedoza and
Zuazua 2011] for first improvements by a different approach). More refined estimates have been obtained
only during the last three years, see work of Martin, Rosier and Rouchon [Martin et al. 2016], Dardé
and Ervedoza [2018] and Hartmann, Kellay and Tucsnak [Hartmann et al. 2020]. The results in the
papers quoted above reveal surprising and deep connections between controllability and reachability
theory for the heat equation and spaces of analytic or Gevrey-type functions and open the way towards
new applications, namely for the control of nonlinear parabolic equations and for time optimal control
problems (with point target) for the heat equation. The main contribution brought in by the present work
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consists in providing a complete characterization of the reachable space of the system described by the
heat equation in one space dimension with Dirichlet boundary control. Our results, presented in terms
of sums of classical Hilbert spaces of analytic functions, are sharp in the following sense: unlike the
existing results quoted above, which assert that the reachable space is sandwiched between two spaces of
analytic functions, we prove that this space coincides with the sum of two spaces of analytic functions.
This main result is further applied in obtaining a complete characterization of the space of functions
which can be reached by smooth (in a Sobolev scale) inputs and then in deriving an estimate for the cost
of null controllability in small time. Note that very recently Orsoni [2021] gave an apparently different
characterization of the reachable space for the same system. This result motivated the discussion in
Section 7 below, where we obtain new connections, which might be of independent interest, concerning
sums of possibly weighted Bergman spaces.

In the remaining part of this introduction we give an overview of the existing theory and we state the
main results which will be proved in the following sections.

We consider the system

Jw 2w

S0 = (), 10, x €0, 1),

w(t,0) = uo(t), w(t,7)=uy(t), 1€l0,00), (1-1)
w(0,x) =0, x € (0, m),

which models the heat propagation in a rod of length 7, controlled by prescribing the temperature at both
ends. It is well known that for every ug, u, € L?[0, co) the problem (1-1) admits a unique solution w
and that the restriction of this function to (0, 0o0) x (0, ) is an analytic function. The input-to-state maps
(briefly, input maps) (®), >0 are defined by

o, [ZO} —w(z,-), 70, up, uy € L0, 7]. (1-2)

e

Determining the reachable space at instant t of the system determined by the 1-dimensional heat equation
with boundary control consists in determining Ran ®,.! For a long time, this question was considered
elusive, so efforts went first towards determining the largest possible subspaces of Ran ®,. As mentioned
above, the beginnings of the research in this direction go back to [Fattorini and Russell 1971], where it is
shown that Ran @, contains the space of continuous functions which are 2 -periodic on R, which extend
holomorphically on the strip [Im z| < 7 and with all the derivatives of even order vanishing at x = 0 and
x =m. This last condition is quite restrictive since it does not provide information on the reachability of very
smooth functions (like polynomials) which are not vanishing at x = 0 and x = 7. This lack of information
has been partially filled in by [Schmidt 1986], where it was proved that particular types of smooth
functions (in particular polynomials) are in the reachable space, independently of their boundary values.

! An alternative concept of reachable space which might seem natural involves, for every wqg € w~12(0, ), the operator
Re (wos [ Zg ]) = w(z, -), where i satisfies the first two equations in (1-1) with the initial condition (0, -) = wy. However,
as explained in Remark 3.8 below, in the case of the system described by first two equations in (1-1), for every r > 0 we have
Ran R; = Ran &,
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Interest in this fascinating question was revealed by the recent work [Martin et al. 2016]. To give a
precise statement of the main recent contributions to this problem we need some notation which will be
used in the remaining part of this work.

Given an open set 2 containing (0, ), we denote by Hol(€2) the space of continuous functions
on (0, ) admitting a holomorphic extension to 2. Moreover we identify these functions with their
holomorphic extensions to €2. The article [Martin et al. 2016] is, to our knowledge, the first work proving
that Ran @, can be sandwiched between two spaces of analytic functions. More precisely, the main result
in [Martin et al. 2016] asserts that

Hol(D) C Ran ®, C Hol(D),
where D in the disk centered in % and of diameter 7e?9™" and
D={s=x+iyeC]||yl|<xand |y| <m —x}. (1-3)

This result was further improved in [Dardé and Ervedoza 2018], where it was shown that for every ¢ > 0
we have
Hol(D,) C Ran &, C Hol(D),

where D, is the set of those s € C such that dist(s, D) < ¢. A significant advancement towards a
characterization, in terms of Banach spaces of analytic functions, of Ran ®; was obtained in [Hartmann
et al. 2020]. In this work it was proved that

E*(D) Cc Ran @, C A*(D), (1-4)

where E2(D) and A%(D) are the Hardy—Smirnov and Bergman spaces on D, respectively. For the reader’s
convenience we give simplified definitions of these spaces, which are

E*(D) = {f € Hol(D)N L*(dD) ‘ f f(©)¢"dz=0forall n > 1}, (1-5)
oD
A%(D) =Hol(D)N L?*(D). (1-6)

When these spaces are endowed, respectively, with norms

nﬂ@@=/|ﬂomau
aD

1 By = [ 17 GeinP ey,
D

they become Hilbert spaces. The main new result in this paper is a complete characterization of Ran @ in
terms of the sum of two weighted Bergman spaces. A surprising consequence of this result is that although
each one of these spaces depends on a parameter § > 0, their sum is independent of this parameter (first
for § small enough and then for all § > 0, see Theorem 1.1 and Proposition 1.2 below). To state this result
we introduce the sets

A:{se@l—%<args<%}, A=m—A, (1-7)
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the weight functions

eRe(sz)/(ZcS)

wp 5(s) = — 6>0, seA, (1-8)
cRel(—5)"1/(26) _

Wy s(8) = — §>0, SeA, (1-9)

and the weighted Bergman spaces A%(A, wg ;) and A2(A, Wr.5):
A2 (A, wo5) = {f € Hol(4) | / |f G+ i) P 0,5 (x +iy) dx dy < oo},
A

AX(A, wrp) = {f € Hol(A) \ / | f & +iy) [ wrs(x +iy) dxdy < oo}.
A
When endowed with the norms

||f||,242(A’w06):/ |f(x+iy) P wos(x +iy)dedy, feA* (A, wps),

' A

1710 5)=f |f iy orsx+iyydedy, feA A, wry),
T, A

A2(A, wp,s) and AZ(A, wy.s) become Hilbert spaces. An important role in the remaining part of this
work will be played by the sum of the two spaces above, i.e., the space X; defined for every § > 0 by
Xs = {1// e C(@,m)

| there exist ¢g € AZ(A, wo.s) and ¢, € AZ(A, wy.s) such that ¥ = ¢@o+¢, on (0, JT)}, (1-10)

which is endowed with the norm

llls =inf{l@oll a2 w05 + 197 42E 0y 5) | P0FPx =0, 0 € AX(A, 05), 9n € A(A, 0rp)}. (1-11)
Theorem 1.1. For every T > 0 we have
@, € L(L*([0, T]; C*); Xo). (1-12)
Moreover, there exists §* > 0 such that for every T > 0 and every § € (0, §*) we have
Ran®, =X;, t©>0. (1-13)

According to a general property of control linear time-invariant systems which are null controllable in
any time (see Proposition 3.4 below), it is known that Ran @, is independent of = > 0. This fact is one of
the ingredients of the proof of Theorem 1.1, as shown in Section 4. The fact that the sum of the Bergman
spaces in the right-hand side of (1-10) is independent of § € (0, §*) seems to be a new result, which is
strengthened by the following proposition, which will be proved in Section 7.

Proposition 1.2. For each § > 0 let X5 be the space defined in (1-10). Then

X;=X;, t, T>0.
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Putting together Theorem 1.1 and Proposition 1.2 we obtain:

Corollary 1.3. With the notation in Theorem 1.1 we have
Ran®d, =X;5, 1, §>0. (1-14)

The remaining part of this work is organized as follows. In Section 2, in order to introduce the
appropriate vocabulary, we state some necessary concepts from linear finite-dimensional systems theory.
Section 3 is devoted to some background on infinite-dimensional well-posed linear systems, with emphasis
on the concept of reachable space and on its general properties. Moreover, we end this section by showing
that the system determined by the boundary-controlled heat equation fits the introduced abstract framework
and we describe the corresponding output maps. Section 4 is devoted to the proof of the main result,
which gives a complete characterization of the reachable space. In Section 5 this result is applied
to give a complete characterization of the reachable space obtained via controls which are n times
differentiable and with derivatives up to order n — 1 vanishing at the initial time. Section 6 provides
a link, is of possible interest for improving the existing estimates on the control cost in small time,
between the natural norm on the reachable space and the above-mentioned control cost. Finally, in
Section 7 we discuss the implications of our results on sums of Bergman spaces on infinite sectors
and we obtain a new proof of a different characterization of the reachable space, recently obtained in
[Orsoni 2021].

Notation. Throughout this paper, N, Z stand for the sets of natural numbers (starting with 1) and integer
numbers, respectively. We set Z, =1{0,1,2,...}.

2. Some background on finite-dimensional linear time-invariant systems

In this section, in order to introduce several concepts and operators in a simple motivating case, we briefly
give some well-known facts for linear time-invariant systems (LTIs) in the finite-dimensional case. For
more details we refer to good introductory chapters on this classical subject, such as those of D’Azzo and
Houpis [1975], Friedland [1986], lonescu, Oara and Weiss [lonescu et al. 1999], Kwakernaak and Sivan
[1972], Maciejowski [1989], Rugh [1993] and Wonham [1974].

Let U (the input space) and X (the state space) be finite-dimensional inner product spaces, with
dim X = n. A finite-dimensional linear time-invariant control system with input space U and state space
X is traditionally described by the equations

z2(t) = Az(t) + Bu(t), t>0. -1

In the above equations u € L?([0, 00); U) is the input function and z € C ([0, o0); X) is the state trajectory,
whereas A, B are linear operators such that A : X — X, and B : U — X. By the variation of constants
formula (sometimes called Duhamel’s formula) equation (2-1) yields

t
(1) = e'47(0) + / e 4By(o)do, >0. (2-2)
0
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In the above formula we can notice the appearance of two families of operators T = (T;);>0 (the
C° semigroup on X generated by A) and ® = (P,);> (the input to state maps) defined by

T,p =€'g, t>0, peX, (2-3)

t
®,u :/ " 4Bu(o)do, >0, ue L*(0,00): U). (2-4)
0

The two operator families above have important properties (which will be used below to define general
well-posed control systems). More precisely:

o T =(T,);>0is a C” semigroup of operators (briefly an operator semigroup) on X, which means that
T, € L(X) for every t > 0 and

Top =9, peX, (2-5)

—l]—t+r =TT, t,t>20, (2'6)
lim T,p = ¢, p e X. 2-7)
t—0+

e For every t > 0 we have @, € L(L*([0, 00); U), X) and
¢r+t(”0v) :—H—[qu—i_@[v, [,T 207 (2_8)
T

where the t-concatenation of two signals u and v, denoted by u <> v, is the function
T

t fort € [0
WSy = u(r) ort €0, 7), (2:9)
T v(t—1) fort>r.
Let us also note that, with the above notation, formula (2-2) can be rewritten
z(t) = T;z(0) + Q;u, t=>0. (2-10)

Definition 2.1. Given a finite-dimensional LTI control system described by (2-1) and t > 0, the reachable
space of this system at time 7 > 0 is the range Ran @ of the operator @, defined in (2-4). The system is
said to be controllable in time t if Ran ®,; = X.

The result below shows that, within the very simple framework considered in this section, the reachable
space and the controllability property do not depend on the time T > 0. More precisely, the following
result, known as the Kalman rank condition for controllability holds:

Theorem 2.2. We have, for every T > 0,
Ran ®; =Ran[B AB A’B --- A" 'B]. (2-11)
Moreover, the pair (A, B) is controllable if and only if
rank[B AB A’B --- A"'B]=n. (2-12)

For exactly controllable systems there exist controls steering the state trajectory z of (2-1) from any
initial state zg to any final state z;. Among these controls there is one of “minimal energy”. To state these
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facts in a precise manner we need the concept of the controllability Gramian R, of the pair (A, B), which
is defined by
R, =&, 9, 12>0.

It is easily checked that R, € £(X) can alternatively be written as
T
R, = / e'“BB*e' dr,
0

and that (A, B) is controllable if and only if R; is a positive operator. Moreover, we have:

Proposition 2.3. Suppose that (A, B) is controllable and let zo,z1 € X, T > 0. If
u=®*R; (21 — Trz0), (2-13)

then the corresponding state trajectory z of (2-1) satisfies 7(0) = z9 and z(t) = z1. Moreover, among
all the inputs v € L>([0, t1; U) for which z(0) = zg and z(t) = z1, u is the unique one that has minimal
L%([0, t]; U) norm.

Remark 2.4. From (2-11) it follows that Ran &, contains Ran B and it is invariant under A, and thus
under T, for every ¢t > 0. Denoting by A and T the restrictions of A and of T to Ran @, the above facts
imply that the input maps of (A, B) coincide with those of (A, B). We thus have that (P, TT) (alternatively
described by (A, B)) is an exactly controllable LTI system with state space Ran ®, and input space U.

Remark 2.5. Noting that, given 7 > 0, the space L°°([0, t]; U) can be seen as a subspace of L2([0, 00); U)
and having in mind that controls which can be effectively applied are generally bounded functions in
time, a natural question is the characterization of the set Ran ®2°, where ®2° is the restriction of @, to
L>([0, t]; U). It turns out that, in the simple case considered in this section, Ran ®2° coincides with
Ran @,. Indeed, let n € Ran ®;. As seen in Remark 2.4, the system (P, TT) is exactly controllable. Thus,
the minimal L?([0, t]; U) control i steering its state trajectory from O at t = 0 to n at t = 7 is given,
according to Proposition 2.3, by
0= <I>j§; n,

where R is the controllability Gramian in time t of the system (A, B). The control ii above clearly steers
the state trajectory of the original system (A, B) from the null state at # = O to the state n at t = 7 and &
obviously extends to an analytic function from C to U. We have thus shown the stronger property that
Ran &, coincides with the range of the restriction of ®; to signals which can be extended to analytic
functions from C to U.

3. Reachable space for well-posed linear control systems

We begin this section by stating some basic definitions and properties (mostly without proofs but with
appropriate references) of well-posed linear control time-invariant systems, with emphasis on the concept
of reachability and on properties of the reachable space. These systems provide a framework to generalize
some of the concepts in classical linear control theory to infinite-dimensional systems. In particular,
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all finite-dimensional control LTI systems are well-posed in the sense of the definition below, which is
general enough to include some basic examples of systems governed by partial differential equations (such
as the heat, Schrodinger and wave equations) with boundary control. We generally do not give proofs and
we refer to [Weiss 1989] (where these systems have been introduced under the name of abstract control
systems) and [Tucsnak and Weiss 2009, Chapters 2,3,4; 2014] for more information, including detailed
proofs. In the last part of this section we also provide proofs for two results which are quite simple but
which play an important role in this paper.

Let U (the input space) and X (the state space) be Hilbert spaces (possibly infinite-dimensional). From
a system-theoretic viewpoint the simplest way to define a linear well-posed time-invariant system in a
possibly infinite-dimensional setting is to introduce families of operators, inspired by those in (2-3), (2-4)
and sharing some of their properties.

Definition 3.1. Let U and Y be Hilbert spaces. A well-posed linear control system is a couple (T, @) of
families of operators such that

(1) T =(T;)r=0 is an operator semigroup on X, i.e., it satisfies conditions (2-5)-(2-7);

(2) ® = (P;),>0 is a family of bounded linear operators from L%([0, 00); U) to X such that (2-8) holds
for every u, v € LZ([O, oo); U)andall 7,t > 0.

It follows from the above definition that ® is causal, i.e., the state does not depend on the future
input: @, I1; = &, for all T > 0, where I1; stands for the orthogonal projection from L?([0, 00); U) onto
L?[0, 7); U). Moreover, it can be shown that the above properties imply that the map

(t,u) — du

is continuous from [0, co) x L2([0, co); U) to X.

From a PDEs viewpoint, the above definition is, in general, not easy to use. In most of the cases
encountered in applications, an infinite-dimensional system is described by evolution partial differential
equations with appropriate boundary conditions (some of them being the boundary controls), and thus
by partial differential and trace operators. To describe such a system in the terms of Definition 3.1 one
needs to define a notion of solution of the considered PDE system and to prove appropriate existence and
uniqueness results for these solutions (including the “correct” choices for X and U) and allowing one to
define the families of operators (T,) and (®,). In general there are no explicit formulas for these families
of operators. However, as shown at the end of this section, such formulas are available for the system
described by the first two equations in (1-1), so this viewpoint is quite convenient in our case.

As in the finite-dimensional case, the reachable space of a well-posed control system at time t > 0
is defined as Ran ®,. Unlike the finite-dimensional case, in this more general framework there is no
simple characterization of the reachable space. Moreover, this space depends in general on T and for most
systems described by partial differential equations we have only a small amount of information on the
reachable space. Another difference with respect to the finite-dimensional case is that the range Ran ®%°
of the restriction of ®; to L>([0, t]; U) is in general a strict subset of Ran ®,. We also note that, given
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T > 0, the reachable space Ran @, can be endowed with the norm induced from L2([O, t]; U), which is

IMllRane, = Inf  lullz2¢q0,c.07, 1 € Ran ;. 3-1
ueL?([0,7];U)

Dru=y

As mentioned in the Introduction, the concept of reachable set plays an essential role in control
theory. It appears, in particular, in the definition of the main three controllability concepts used in
infinite-dimensional system theory.

Definition 3.2. Let v > 0 and let the pair (T, ®) define a well-posed control LTI system.
e The pair (T, ®) is exactly controllable in time T if Ran &, = X.
o (T, ®) is approximately controllable in time t if Ran ®; is dense in X.
e The pair (T, ®) is null controllable in time T if Ran®,; D RanT,.

Remark 3.3. Let (T, ®) be a well-posed linear LTI control system which is approximately controllable
in time t. It is not difficult to check that for every n € Ran &, there exists a unique ¥ € X such that
n = &, d¥y. Moreover, we have

I7llRan &, = 19TV L20.77:0)-

The above facts imply that Ran ®; endowed with the norm (3-1) is a Banach space. Indeed, let (1;)ren C
Ran @, be a Cauchy sequence with respect to the norm (3-1). For each k € N let v be the unique vector
in X such that ny = ®;®}vy. Then for every k, [ € N we have

mk—m =D Q7Y — v,k — mllrano, = 197 Wk — VDl L20.27:0)-

It follows that (®Z) is a Cauchy sequence in L?([0, t]; U) such that
klgf)lo 7Yk — vll2o.cvy =0

for some v € L2([0, t]; U). Setting n = ®,v we see that || — 1llrRan o, — 0, and thus we obtain the
desired conclusion.

We continue this section with two results on well-posed control LTI systems which are null controllable
in any time v > 0. Although the first one is classical, see [Fattorini 1978], we give a very short proof
below, following essentially [Seidman 1979].

Proposition 3.4. Assume that the well-posed control LTI system (T, ®) is null controllable in any positive
time. Then Ran ®, does not depend on t > 0.

Proof. Let 0 < © < t. The inclusion Ran @, C Ran ®; is easy to establish. Indeed, let n € Ran ®; and #
be a control such that ®,it = 5. Let u =0 <> u (for the notation <> see (2-9)). Then, according to (2-8)

—T t—T

D= CD(tfrH»tu =T, 0+ Pu=n,

and thus we have shown that Ran ®, C Ran ®,.
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To establish the inclusion Ran ®; C Ran @, take n € Ran ®; and u € L?([0, ]; U) such that ®,u = 7.
Setting
ulo)=ulo+t—1), oe€l0,r],

we remark that u = u < ii. Consequently, applying again (2-8), it follows that
t_

T

n=ou= cID(tfrH»‘r (u t<> ) =T ®;_;u+ du.
-1

Since the system is null controllable in any time, we have Ran @, D Ran T,. This, combined with the
above formula, implies that n € Ran ®,, so that indeed we have Ran ®, C Ran ®., which ends the
proof. ]

Remark 3.5. If the pair (A, B) determines the well-posed control LTI system (T, ®) then for every
Zo € X the Cauchy problem
(1) =Az() + Bu(t), z(0) =z,

admits a unique solution z € C ([0, 0c0); X)) satisfying
2(0) =Tzo+ e, >0, z0€X, ucL*(0,00); V).

Moreover, if the system is null controllable in time 7 (i.e., Ran ®; D Ran T;), the last formula implies
that for every zg € X the set described by z(7) when u takes all possible values in L2([0, t]; U) coincides
with Ran ®.

The following result in this section, although simple, does not seem to have been explicitly stated in
the literature.

Proposition 3.6. Let (T, @) be a well-posed control LTI system which is null controllable in any positive
time let T > 0 and let g : (0, t] — (0, 00) be a continuous and bounded function. Define

Urg = {u € L*([0, 7]; U) ‘ (t > %) L([0, 7]; U)}. (3-2)

Then for every Tt > 0 we have ®.(Uy ¢) = Ran ®..

Proof. Since the inclusion ®; (U, ,) C Ran @, is obvious, we only need to check that Ran ®, C & (U ).
To this aim we note that according to Proposition 3.4 we have Ran &/, = Ran ®.; thus for every
n € Ran @, there exists u € L2([0, 00); U) such that &, pou =n. Setting i =0 <> u and applying (2-8) it
follows that w2

Dot = Dr10/2(0 r</>2 u) =T @0+ O ppu =n.

Moreover, since i = 0 on [0, 7/2], we have that i € U, g, so that n € & (U, ,), which ends the proof. [

We end this section by stating the known fact (this goes back to [Fattorini and Russell 1974]; see also
[Tucsnak and Weiss 2009, Proposition 10.7.1]) that the two first equations of (1-1) determine a well-posed
control LTI system, with appropriate choices for X and U, which is null controllable in any positive time.
Moreover, we give an expression of the input maps which has already been used in [Hartmann et al. 2020].
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Proposition 3.7. The first two equations in (1-1) determine a well-posed control LTI system with state
space X = W~12(0, ) and input space U = C2. Moreover the corresponding family ® of input maps is
given by

(cb, [Z‘)D(x) — fo %(r — 0, X)up(o) do

" 0K,
—I—/ 8—(t —o, X)uz(o)do, t©>0, ug, u; € LZ[O, ], x € (0,7), (3-3)
0 X

where

Ko(o, x) = ,/ Z e~ (H2mT /@) 50 x [0, 7], (3-4)

mEZ

K;(o,x) =K, (o, T —Xx), o>0, xel0,m]. (3-5)
Finally, the considered system is null controllable in any time T > 0.

Remark 3.8. For every wy € W~"2(0, ) and T > 0, let R, (wp; -) be defined by

R‘L’ (U)(), |:ZO:|> = II)(T, . )’ |:ZO] € Lz([o’ T]v CZ)’

where w satisfies the first two equations in (1-1) with the initial condition w(0, -) = wg. The null
controllability of the system determined by the first two equations in (1-1) implies, according to Remark 3.5,
that for every 7 > 0 and wq € W~12(0, ) we have Ran R, = Ran ®,, where ®, is defined in (1-2).

4. Proof of Theorem 1.1

As already mentioned, the proof of Theorem 1.1 uses in an essential manner results from [Hartmann
et al. 2020]. More precisely, the main ingredient of this proof is a result which is not explicitly stated in
[Hartmann et al. 2020], but which is implicitly proved in this reference. To make this clear, we give its
precise statement and we describe the main steps of the proof.

Proposition 4.1. For t > 0 let Uy 1> be the set defined in (3-2) with g(t) = J/t. Then there exists §* > 0
such that

D Ur,1/2) = AX (A, wo.0) + AX (A, wr0), T € (0,89, (4-1)
where the weights wg . and w; ; were introduced in (1-8) and (1-9), respectively.

To prove the above result we introduce some notation and state some results from [Hartmann et al.
2020]. We first introduce the families of operators

T o8 /(4(1—0))
(P; f)(s) :/0 /e 0)3/2 f(0)+/o do, >0, fe LZ[O, 7], s €A, 4-2)
(1 — 5)e—(T=9*/(4G=0)) i
(Q:9)(s) =/0 o SOWede 120 geli0nl seh @)
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where the sets A and A were introduced in (1-7). Each of the two operators above can be seen as the
input maps of a system governed by the boundary-controlled heat equation on a half-line. Looking, for
instance, to (Pr);>0 and setting

wi(t,x)= (P fHlx), t=0, x>0,

we have that

W=, 120, 120
wz(f,0)=\/_f(l), t €10, 00),
w; (0, x) =0, x> 0.

Using results of Aikawa, Hayashi and Saitoh [Aikawa et al. 1990] it was shown in [Hartmann et al. 2020,
Theorem 2.2 and Corollary 2.3] that the following result holds:

5 o
0 0O
is bounded and invertible from L2([0, 7]))? onto A%(A, wo,7) X AZ(A, wr 7). Moreover,
15 o
0 0O
For 7 > 0 we introduce the family of operators (M), defined by

" [uo} _ [go(uo)]’ wo. iy € L2[0, 7], 4

Ur 8n(uy)

Lemma 4.2. For every T > 0 the operator

LUL2(10,7]))2, A2 (A, w0,1) X A2(A, 0r,1))

where o
20u0)(s) = f o, VT uolo)do,  ug € 1700, ], 5 € A, (4-5)
0 N

TOK,
gn(”n)(s):f 3
0

and the kernels K¢ and K,; were introduced in (3-4) and (3-5), respectively. Comparing the above formulas
with (3-3) we see that

ouy(o)do, u,eL*0,7], s€A, (4-6)

80(up)(s) + gr (uz)(s) = &, [:0} (s), seD, (4-7)
where
vo(t) = V1 uo(t), ve(t) =+tuz(t), tel0,1],
and D was defined in (1-3).

Another important estimate proved in [Hartmann et al. 2020] is:

Lemma 4.3. For every © > 0 the operator M, defined in (4-4) is bounded from (Lz([O, 71]))2 to
A%(A, wo,r) X AZ(A, wx 7). Moreover,

P, 0
w0 0]

LAL2([0,71)%, A2 (A, @0,0) X A2 (A, 0r.1))

lim
>0+
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We are now in a position to prove Proposition 4.1.

Proof of Proposition 4.1. Let ¢ € A2(A, wp) + AZ(A, wz), so that there exist ¢y € A%(A, wpy) and
Yr € AZ(A, w5 ) such that ¢ = ¢g 4+ ¢;. By combining Lemmas 4.2 and 4.3 it follows that there exists
8* > 0 such that the operator M, is bounded and invertible from L2([0, ]))? onto A%(A, wp) X AZ(A, wyr)
for every t € (0, 6*). According to the definition (4-4) it follows that for every t € (0, §*) there exist
ilo, iy € L*[0, T] such that

T 9K,
/ a—o(a, s)Voiig(o)do =go(s), T €(0,8%, s€A,
0 S

ToK, B ~
/ (0, Vi (o) do = e (), TE (0,57, 5€ A
0 N

The last two formulas, combined with (3-3) imply that
u
(DT[ 0]=¢0+¢ﬂ=(p7 ‘EG(O,5*),
Us

where (1) = /1 iig(t) and u, (t) = /7 ii (¢) for ¢ € [0, t]. The conclusion (4-1) follows now from the
obvious fact that ug, u, lie in Uy 1,2. O

Finally, we give below the proof of Theorem 1.1.
Proof. The fact that &, is bounded from (L?[0, 7])2 to A%(A, wo,r)+ AZ(A, wy,7) 1s shown in the proof
of Proposition 2.1 from [Hartmann et al. 2020], but, for the sake of completeness, we make this clear

below.
For ug, u, € L*[0, t] we note that from (3-3) it follows that

o 2 9Ky 29K,
(CD, |: :|)(x) = f — (1t — 0, x)ug(o) do —l—/ (t —o,x)uy(0)do
u 0 0 ax

T ox

_|_/T %(r — 0, X)iig(0)/o do —I—/T 9K+ (t — 0, X)iig(0)/o do, (4-8)
o O0x o Ox

where, for y € {0, 7}, we define

0 if o €0, 7/2],
u,(0)//o ifoelr/2, 1]
It can be checked by direct calculations that (0K, /0s)(t —o,-) € L%(dD) for o € [0, 7/2], where

d D is the boundary of the open set D defined in (1-3). Hence, by the Cauchy—Schwarz inequality, the
operator ¢, 1, defined by

/2 /2
¢r,1([Z°D(s) :/0 %(r—a, s)uo(o)da+/0 a%(r—a, )itz (o) do, (4-10)

u, (o) = { “4-9)

is linear and bounded from (L2[0, t])? to the Hardy—-Smirnov space E 2(D) defined in (1-5). On the other
hand it was shown in [Hartmann et al. 2020] that we have E2(D) C X, where

X = AZ(A» wO,r) + AZ(A, a)ﬂ,‘[)
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with continuous embedding so that the operator defined in (4-10) is linear and bounded from (L?[0, t1)?
to X;. The fact that the operator @ > defined by

uo T aKO - T aKn— -
., (s):/ —(t—o, s)uo(o)ﬁda+/ —(t — 0, 8)iiz(0)/o do, (4-11)
' Un o O0s o Os
with iig and @i, defined in (4-9), is linear and bounded from (L2[0, t])? to X, follows easily from
Lemma 4.3. Putting together the above estimates and the fact that

d>r - q)r,l + cbr,Zs

we have thus proved (1-12).

The main assertion of Theorem 1.1 which says that the operator ®; is onto can now be obtained by
putting together several of our previous results. Indeed, let §* be the constant in Proposition 4.1. By
combining Propositions 3.6 and 4.1 it follows that

Ran @5 = A*(A, wos) + A*(A, wrs), 8 €(0,8%.

On the other hand, we know from Propositions 3.4 and 3.7 that Ran &, = Ran ®; for every 7, § > 0, and
thus we obtain the conclusion (1-13). O

5. Reachable space with smooth inputs

It can be seen as an obvious consequence of Theorem 1.1 (but it can also be checked in a more elementary
manner) that the well-posed control LTI system determined by (1-1), with state space X = w=12(0, )
and input space U = L?[0, ], is not exactly controllable in any time T > 0. A natural question is: can
this system be seen as an exactly controllable one by choosing a different state space (and possibly a class
of smoother input functions)? By analogy with Remark 2.4 (valid for finite-dimensional LTI systems) and
based on our main result in Theorem 1.1, a candidate for the new state space is X5 = Ran ®.. Indeed,
in our case it is easily checked that T,;(Ran ®;) C Ran @, for every ¢ >> 0 and 7 > 0 and that the family
T= T Ran @, satisfies the semigroup properties (2-5) and (2-6). Moreover, it is clear that the pair (T, D)
satisfies (2-8). It follows that the only condition still to be checked in order to prove that (T’T, d)is a
well-posed exactly controllable system, with state space X and input space U, is the strong continuity
property of the semigroup TonX s. This seems a difficult question. The recently developed theory on
C"-semigroups on spaces of analytic functions (see, for instance, [Gal and Gal 2017]) could provide a
good track for exploring this question.

Motivated by applications to nonlinear problems, [Martin et al. 2016; Laurent and Rosier 2018] study a
controllability concept for the heat equation which is quite different of the exact controllability introduced
in Definition 3.2. More precisely, given T > 0, the main results in [Martin et al. 2016; Laurent and Rosier
2018] assert that there exist controls ug, u, having a Gevrey-type regularity on [0, ] which steer the
solution of (1-1) to any state which can be holomorphically extended to a ball in C which is centered at 7
and of diameter large enough. We give below a result in the same direction, with less regularity for both
the target states and the input signals. More precisely, our result below gives a complete characterization
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of the states which can be reached by inputs lying in

n—lv

W20, 7) == {v eW"0.7) | v(0) =+ = (0) = 0} (5-1)

for some n € N and T > 0. Moreover, we set WE’Z(O, 7) := L?[0, 7].
To state the main result in this section we introduce, for each n € Z, and t > 0, the space X, ; defined
by Xo.r := X and

d2k
—weXTfork=0,1,...,n}, neN, (5-2)

Xn,r = {1// € X; ds2k

where the family of Banach spaces (X;)s-0 was defined in (1-10) and (1-11). Note that Wf’2(0, 7) and
Xp,. are Banach spaces when endowed with the norms

Il yr2g o = d'v , ve W0, 1),
L 0,7) dsn L2[0.7]
n 2
d2kv/
2
1%, =2 52 REAR TS
k=1 nt

Proposition 5.1. Letn € Z,. Then for every t > 0 the restriction of ® to the space W}’ ’2(0, T) introduced
in (5-1) is a linear bounded operator from Wf ’2(0, T) onto X, 1, where the Banach space X, ; was defined
in (5-2).

Proof. The fact that for every T > 0 we have &, € £( WB’Z(O, 7); Xo,r) was proven in Theorem 1.1. For
every n € N and ug, u, € Wi”z(O, 7) we define

z(t, ) = P, |:u0] , withre]0, 7].
Ug
By applying Lemma 2.1 from [Tucsnak and Weiss 2015] it follows that z € C" ([0, t]; W~12(0, 7)) and
82k ak
(T = S, kell,....n), x €0, m),
9%z d¥ug/de*
W(T’ x)=,; [dkun/dtk] x), kef{l,...,n}, x€(0,mn).

The two relations above combined with the fact, following from Theorem 1.1, that the maps

Uo dkuo/dl‘k n2
|:M7r:| = d, [dkuﬂ/dz‘k , kel0,...,n}, uo,uy € W70, 1),

are bounded from Wﬁ’z(O, 1) into X, yield that indeed ®, € E(Wﬁ”z(o, 7); Xn.1)-
To show that @, maps W]'j’z((), 7) onto X, ; we begin by noticing that, according to Theorem 1.1, this
holds for n = 0. For n € N we remark that, by using again Theorem 1.1, for every ¥ € X,, ; there exist
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Vo, Ur € L?[0, 7] with the solution w of
2

Jw w S
E(I,X)ZW(I,X), t 20, x€(0,mn),
w(t,0) = vo(t), w(t, ) =va (1), 1 €[0,00), (5-3)
w(0, x) =0, x € (0, ),
satisfies
dan
w(t,x) = ——-(x), x€(0,m). (5-4)
dx2n
Consider the functions vy and v, defined by
t t
vo (1) =f vo(o)do, V(1) =f vr(0)do, 1€l0,1]
0 0
forn =1 and
t o1 (02 Op—1
vo() =/ / / / vO,n(Un)dUn do,_1...doy, t€]0,7],
o Jo Jo 0
t o] [ep) On—1
Gn(t)zf f / f vy(op)do,do,—1...doy, t€][0, 1]
0o Jo Jo 0
for n > 2. We clearly have
B0, U € W"3(0, T) (5-5)
and & &
Vo Ur
G S g = U (5-6)
Let w be the solution of the initial and boundary value problem
au~)(t ) 2u~)(t ) re[0, 7], x €(0,7)
. U = 5>\, ) > Tl ,TT),
ar axz o
(5-7)

'J)(I,O)=50(I), ‘J)(tan)=i}7f(t)9 te[oa T]a
w(0,x) =0, x € (0, m).
Thanks to (5-5) and (5-6) and using again Lemma 2.1 from [Tucsnak and Weiss 2015] we have
€ C([0, 7]; W2 12(0, 7)) N W™2([0, 7]; W 2(0, 7)),
and 0"w/0dt" = w, where w is the solution of (5-3)—(5-4). It follows that
"W _dy 0
W(f, xX) = W(X), x € (0,m).
The above relation and the first equation in (5-7) imply that
aanI} d2n

dx;f (x), x€(0,m).

It follows that
w(t,x)=¢vx)+Px), xe€(,mn), (5-8)
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where P is a polynomial of degree 2n — 1. The last formula can alternatively be written
vo
o |: ] Y+ P. (5-9)
Ur

On the other hand, according to Theorem 2 of Laroche, Martin, and Rouchon [Laroche et al. 2000] (see
also [Martin et al. 2016]) there exist &), &; € C*°([0, t]) such that

[50} P, (5-10)
x
dkSO dk‘i:rr
Finally, setting
up=100—8& Uy =10y —&; (5-12)

and using (5-9) and (5-10) it follows that ug, u, € WE’Z(O, 7) and they satisfy

@, [”0] -, (5-13)
Us
which ends the proof. O

Let us now introduce, for each n € Z and open set 2 C C, the spaces

A%2(Q) = A%(Q), E"*(Q):=E*(Q)

and
2k
AM2(Q) = {w A%(Q) ‘ l// € AX(Q) fork =1, } n>l, (5-14)
ka
E™(Q) ::{weEz(Q)‘ T e EX(Q) fork=1,. } n>l1,

where the Bergman and Hardy—Smirnov spaces A%(Q) and E%(Q) were introduced in (1-6) and (1-5),
respectively.

By combining Proposition 5.1 above with Proposition 1.1 and Theorem 1.3 in [Hartmann et al. 2020]
it follows that:

Corollary 5.2. Given n € Z we have
E"(D) C @ (W"*(0,7)) C A™*(D), 1 >0,
where D is the open set defined in (1-3).

Remark 5.3. As already mentioned, the main result in [Martin et al. 2016] asserts that functions which
are analytic in a ball centered at 7 and of a radius large enough are reachable by controls lying in the
Gevrey class G2([0, ]). Note that the Gevrey class G” ([0, t]) of order y > 1 is defined as the set of all
functions g € C*°([0, t]) such that for every n € Z, we have £ 0 < AfR” (n!)Y for some positive
constants A s, Ry. We conjecture that this result can be strengthened to the following “analytic” version
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of Proposition 5.1: for every t > 0 and ¢ € Hol(ﬁ), where D C C is an open set containing D, there
exist ug, u; € G*([0, t]) such that
o[t
Us

A possible approach in proving this conjecture could consist in applying Proposition 5.1 with n — oo.
This approach would require appropriate estimates of the derivatives, up to order n — 1, of the controls
uo, Uy constructed in Proposition 5.1. Obtaining such estimates is for now an open question.

6. Reachable space and the cost of null controllability

In this section we describe an application of the results and methods developed above in order to obtain
estimates for the cost of null controllability in small time for the system determined by the two first
equations in (1-1). We begin by stating in the general context introduced in Section 3, the definition of
the cost of null controllability. To this aim, let X and U be Hilbert spaces and let (T, ®) be a well-posed
control LTI system with state space X and input space U (in the sense of Definition 3.1). Assuming that
the system (T, @) is null controllable in some time 7 > 0 (According to Definition 3.2 this means that
Ran &, D Ran T;.), the cost of null controllability in time t is the number c; defined by

Cr = Ssup ”—l]—rw”RanQDTa (6'1)
lvrllx <1
where the norm || - ||Ran ®, Was defined in (3-1).
For systems which are null controllable in every time T > 0 we clearly have that limsup,_,, ¢; =+o0.
A question of interest in this case is to estimate the blow-up rate of ¢; when t — 0. For finite-dimensional
LTI systems the question was first investigated in [Seidman 1988; Seidman and Yong 1996], where it was
shown that, as 7 tends to zero, ¢; behaves like 1/7%+1/2, where k € Z is the smallest integer such that

Ran[B AB A’B --- A*B]=X.

In the case of the system determined by the two first equations in (1-1), which is null controllable in any
positive time (see Proposition 3.7), the study of the behavior of the cost of null controllability when T — 0+
began with the classical work [Fattorini and Russell 1971] and continued with a series of papers including,
with successive improvements, [Giiichal 1985; Miller 2004; Tenenbaum and Tucsnak 2007; Lissy 2015;
Dardé and Ervedoza 2019]. As far as we know, the most precise lower bound for ¢; when 7 — 0+ is

limsup 7 logc; < %KQTL’Z, (6-2)
7—0+

where k( is a constant approximately equal to 0.6966. This was proved in [Dardé and Ervedoza 2019].

Remark 6.1. As far as we know, in the case of the heat equation with boundary control at both ends,
there is no specific study of the lower bound of ¢; when t — 0+. This is probably due to the fact that it is
commonly accepted that any lower bound for the cost of null controllability for the case when u, in (1-1)
is equal to zero yields a lower bound for ¢; by “symmetry” arguments (this is, for instance, implicitly
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claimed in [Dardé and Ervedoza 2019]). Accepting this claim yields, using the best known estimates for
the one-sided control (see [Lissy 2015]), that

liminf t logc, > %nz. (6-3)
>0+

Since we did not find any obvious argument for deriving (6-3) from the results in [Lissy 2015], we give a
proof of this fact at the end of this paper. More precisely, (6-3) follows from Corollary 8.4 in Section 8
below and Theorem 1.1 in [Lissy 2015].

In this section we prove that for small T the constant c; is smaller than a constant d;, which is simply de-
fined in terms of the semigroup T and of the norm of the space X, defined in (1-10). Whether this estimate
can lead to an improvement of the «g in (6-2) is an open question, to be treated in a forthcoming work.

To give a precise statement of the main result in this section we note that for every v > 0 and
v e W™12(0, ), the function x > (T, ) (x) clearly extends to a function which is holomorphic on C, so
that, according to Corollary 3.6 in [Hartmann et al. 2020] (or just using the null controllability of (T, )
combined with Theorem 1.1) we have that T, € X;. We can thus define, for each T > 0, the constant

d. = sup NEXZIER (6-4)

¥y —1.2¢0, 7y <1
where T is the heat semigroup and the norm || - ||; was defined in (1-11).
Proposition 6.2. With the above notation we have

lim sup -= < 1. (6-5)

>0+ Ut

Proof. We have seen above that T, lies in X, for every ¥ € W~12(0, 7) and T > 0 so that we have

(Tz ) (x) = 9o (x) + ¢r (x), x €(0,7), (6-6)

where ¢y € A%(A, wp,r) and @, € Az(A, wy,7) depend on both ¢ and 7.
On the other hand, recall the operators P;, O, and M, defined in (4-2), (4-3) and (4-4), respectively.
Using Lemmas 4.2 and 4.3 it follows that there exists §* > 0 such that M; is invertible for every 7 € (0, §*)

and
1

—1
Mzl caa.o0.0x A2 B om0 220000 S T2,
T

where for every 7 > 0 we have set

P, 0
Yo = HMr - |: OT ] . (6'7)
Q: LUL2([0,71)%, A2(A,00,1) X A2 (A, wr 1))
Consequently, for each t € (0, §*) and ¢ and ¢, as above there exist vy, v; € L?[0, 7] such that
W[

Ur (27
1

ol = 2] - =

Ul ez 1= 7o ILPn dla2ca 0.0 % 42(B om0
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We can thus conclude, recalling (4-4) and (4-7), that for every ¢ € W20, ), t € (0,8*) and
@0 € A2(A, o.7), P € AZ(A, wy.7) satisfying (6-6) there exist vy, v, € L?[0, 7] satisfying (6-8) such that

@, [”0] =T, (6-9)

T

where

uo(t) = Vtvo(t), un(t) =~tv(t), tel0,rl.

With no loss of generality we can assume that §* < 1, so that

luollz210,21 < lvoll2go,z,  Nunllz20,21 < vz llz2g0,7)-

We have shown that for every ¢ € wW=12(0, 7), T € (0, 8*) and ©o € A%(A, ®o,1), P € AZ(A, ®r.7)
satisfying (6-6) there exist uq, u, € L?[0, 7] satisfying (6-9), together with

2]l =750 1]
r Il w2002 1= ve [ILem
where y; was defined in (6-7). Since (6-10) holds for every ¢g € A%(A, wo,7) and ¢, € AZ(A, ®r.7)
satisfying (6-6), using (1-11) and (3-1) it follows that
1
I —y:
Since by Lemma 4.3 we have that lim,_, o+ y; = 0, the conclusion (6-5) follows from (6-1) and (6-4). [

(6-10)

9
A2(A,wp 1) x A2(A, 05 1)

1T IRan @, < ITe¥ e, ¥ e W20, 1), Te(0,8%. (6-11)

Remark 6.3. Analyzing the proof of Proposition 6.2 it is easily seen that (6-11) holds with an arbitrary
n € Ran @, instead of T,v. We thus have that

||77||Rand>r

lim sup <1, neRand, )\ {0},

-0+ |Inllx,

and the existence of a constant K* > 0 such that
||77||Ran<1>T <K*”77”r» 76(0,8*)» n € Ran @..

By the closed graph theorem, it follows that for every t € (0, §*) the norms || - ||Ranor and || - ||; are
equivalent.

7. Sums of Bergman spaces on symmetric sectors

The aim of this section is two-fold. We first prove Proposition 1.2 and thus, consequently, Corollary 1.3.
We next connect our results to those obtained recently, with a different methodology, in [Orsoni 2021],
where an apparently different characterization of the reachable space was given. More precisely, the main
result in [Orsoni 2021] asserts that

Ran @, = A2(A) + A%(A), ©>0. (7-1)

Putting together (7-1) and Corollary 1.3 it follows that:
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Proposition 7.1. For every § > 0 we have
X5 = A% (D) + A% (D), (7-2)
where the spaces (Xs)s-o were defined in (1-10).

The second main aim of this section is to show that Proposition 7.1 follows from Proposition 1.2 and
thus providing a new proof of (7-1).

An essential step in proving Proposition 1.2 is the construction of a family of entire functions (® ;)
having the property that if 0 < T < ¢ and t — 7 is small enough then the multiplication by ®, ; defines a
bounded linear operator from X; to X, provided that T and ¢ are close enough. To this aim, we need
several lemmas involving the families of functions

Oz (5) 1= & U=/ G1T), 1,120, se AUA, (7-3)
Oci(s) 1= T UD/GIO 1150, 5 € AUA, (7-4)
Or (s) :=0:,(5)+0.,(s), 1,120, seAUA. (7-5)

The three functions defined above are, for every 7, ¢ > 0, holomorphic on C and for every s € C we have

Or1(5) =0 (T —5), Ory(s) =0y, (7 —5). (7-6)
Moreover, we have:

Lemma 7.2. Assume t, t, > 0 are such that

tT T 7-7)
> —. -
t—1 4

Then the function ®.; defined in (7-5) has no zeros on AU A. Moreover, there exista , B > 0 ( possibly
depending on T and t) such that the functions 0 ; and é,,, defined in (7-3) and (7-4), respectively, satisfy

é‘[ +(8)
a< |1+ = <B, seA. (7-8)
0.1 (s)
Proof. Using the fact that
Ors(5) = Or s (s)(1 4 ~2E=D/ED) - o150 s e, (7-9)

it can be easily checked that ®; ; vanishes for some s € C if and only if

—2tT dtt
_|_

7-10
r—t t—1 ( )

T
Res=—, Imse

2
On the other hand, for every t, ¢ satisfying (7-7) we have

—2tt 4t T T
z m[——,—]:@,
(t—r+t—r ) 2°2

which, together with (7-10), implies that indeed ®; ; has no zeros in A U A.
In order to prove (7-8) we introduce the compact set

K :={seA|Rese[0, 7]}
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The function
s> |1 +e(ﬂ2—2ﬂs)(1—r)/(4tr)|, seC,

is continuous on K and we have shown above that it is nonvanishing on K. Consequently, there exists
o1 > 0 such that
2
Il +e(7r —2ﬂs)(t—r)/(4tr)| >, sek.
For s € A\ K we have Res > 7; thus

(n2—2ns)(t—f)/(4tr)| < e—nla—z)/(m) <1

le
Hence, there exists oy > 0 such that for every s € A\K we have
I +e(7r2—27rs)(t—r)/(4tt)| >1— e (1—1)/(417) > ay > 0.

Setting o := min(oy, @p) > 0, we obtain the first inequality in (7-8).
Finally, using the fact that Re s > O for every s € A, it follows that

I +e(n2—2ns)(t—r)/(4tt)| <1 +eﬂ2(t—r)/(4tr)’ sEA,

which implies the second inequality in (7-8). U
Lemma 7.3. Let t, t satisfy the assumptions in Lemma 7.2 and let ©+ ; be the function defined in (7-9).
Then for every f € A%2(A; wo,;) and every f € A%(A; ®y.1) we have

T 42 ),

T,t T,t

IS AZ(A; Wr.7)-

Proof. Let f € A%(A; wg,;). We know from Lemma 7.2 that f/®., is holomorphic on A. Moreover, by
combining (7-9) and Lemma 7.2, it follows that for every s € A we have

|f () &)= | f ()2 ©
100, 2" T 10, () P[1 + e —2an—o/@rm 2 0T
1 2
S5 )l @0 (8) = —2|f(S)|2w0,z(S)-
T

@2 1674 (5)]
Using our assumptions on f it follows that for every f € A%(A, wop,;) We have

e

€ A? A; wy 7).
®t,t ( O,I)

Using this fact and (7-6), the corresponding result for f € AZ(A; wy ;) readily follows. O

Lemma 7.4. Let t, t satisfy the assumptions in Lemma 7.2 and let ©+ ; be the function defined in (7-9).

Let y,y’ > 0 be such that
t—t 1
+

X (7'11)
T y
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Then for every f € A%(A; wo,y) and every f € A%(A; Wx,y) we have
fOr € A2(Diwoy).  [Ors€ A2 (Aiwny).
Proof. Let f € A%(A; wo,y). Using Lemma 7.2 it follows that for every s € A we have

Oes(s)|?
1 £(8) O (5) w0, (5) = | £(5) 2161 (5) 2 92;

p? 2 Re() (=0 Qr)+1/2y) « BV 2
7|f(s)| e < — 1) w0,y (s),

1+

oy’ (s)

<

which shows that indeed f®,; € A%(A; wo,,'). As above, the corresponding result for A%(A; Wr,y)
follows by symmetry; see (7-6). (]

Lemma 7.5. Let t, t satisfy the assumptions in Lemma 7.2 such that ¢ :==t —t < v, and let O ; be the
function defined in (7-9). Moreover, assume that T > 0 is such that

Xs=X;, 0<d<r1. (7-12)
(This holds, in particular, for T € (0, 8*), where §* is the constant in Theorem 1.1.) Then X; = X;.

Proof. As already mentioned, it is obvious that X; C X;. To prove that X, C X, let p € A(A; wo,;) and
Q€ AZ(A; wyr.1). According to Lemma 7.3 and (7-12) we have

4 %
_l’_
O O

€eX: =X,

where ¢ =1 — v < 7. It follows that there exist f € A%(A; wo,7—¢) and f € AZ(A; wy.r—¢) such that

¥ 2 =
+ =f+f.
Or; Or
Lety =7 —¢and y' =7. Since r > 7 — ¢ we have
r—t 1 e 1 e 1 1 1

It y' ottt (t—eTr T T—¢ VY

9

so that inequality (7-11) holds. Consequently, using Lemma 7.4 it follows that
¢+ @ =fOui+ [Ors € A(As ) + AX(As wr,0) = X,
which ends the proof. U
We are now in a position to prove Proposition 1.2.
Proof of Proposition 1.2. Let

IT={t>0|Xs=X,forall § € (0, t]}.
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It is clear that if T € Z then (0, t] C Z. From Theorem 1.1 we know that Z O (0, §*/2], where §* is the
constant in Theorem 1.1. Let

(T & T m— Ty
o:=min| —, — ), m:= , &= .
8 2 T —41 2

We clearly have that 1y € Z, g9 < 19 and

(tot+en)to
— > —_—
o 4
Since the function ¢ — (¢t + o)t /&g is clearly increasing on (0, 00), it follows that

Gregr © (7-13)
€0 4

Consider now the sequence (,),cz, defined by #) = 79 and
tn-}—] :tn+80, n €Z+,

which obviously satisfies lim,,_, o t, = +00. Then (7-13) enables us to recursively apply Lemma 7.5 and
obtain that for every n € N we have 1, € 7 and, consequently, X; = X . This shows that 7 = (0, 00),
which ends the proof. U

As mentioned in the beginning of this section, our second aim here is to give a direct proof of
Proposition 7.1, which provides an alternative proof of (7-1). To this aim, we need the following result:

Lemma 7.6. Let ¢ € A2(A) and § € A2(A). Then

4 Q ~
— e AN (Aswonpp), ———— € AX(A; @ p2).
O /4,72 O /4,72

Proof. Let ¢ € A%(A) . We know from Lemma 7.2 that the function ®, /4,7/2 has no zeros in AU A, so
that the function s — ¢/®y /4 /2 is holomorphic on A. Moreover, using (7-9) and again Lemma 7.2 it
follows that for every s € A we have

() lo(s)I?

——— ;W s) = w s
1O j./2()1? 0un/248) |0 /4,72(8) |21 + er?=275)/Qm) |2 0.7/2(5)

1 (s 2 )
<——20 o (s) = —— o),
02 Oz jgnpp @) T ra?

which implies that ¢/©y /4 72 € A2(A; wo.x/2). The fact that $/Oy 4 /2 € A2(A; Wy x2) is obtained
by symmetry using (7-6). O
We are now in a position to prove Proposition 7.1.

Proof of Proposition 7.1. Let ¢ € A2(A) and ¢ € A%(A) and let g = ¢ + @. According to Lemma 7.6 and
Proposition 1.2 there exist f € A%(A; wo,7/4) and f € Az(ﬁ; Wy 7/4) such that
8

— —f4f
O /4,72 r+s
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Using next Lemma 7.4 witht = 7, t = 7, y = 7 and ' = 7, it follows that

€= fOriann+ fOn/arnn € A2 (A; won/2) + A% (A; Wpnj2) = X2
We have thus shown that
AX(A) + AX(A) C Xqpo.
Since the inclusion X/, C A%(A) + AZ(A) is an obvious one, we have
A* (D) + A*(A) = Xqpa.
The conclusion follow now by using again Proposition 1.2. (I
Finally, we remark that by combining Proposition 5.1 with Propositions 1.2 and 7.1 we obtain:

Corollary 7.7. Givenn € Z and t > 0 we have
X, = A" (A) +AM2(A),
where the Banach spaces X,,  and A™2(A) were defined in (5-2) and (5-14), respectively.

8. Comments and related questions

In this section we first discuss the consequences of our results and methods developed in the previous
section on the reachable space of the heat equation with slightly different boundary conditions. Moreover,
we give, as promised in Remark 6.1, a lower bound for the cost of null controllability for the system (1-1)
in terms of the cost of null controllability for the system described by the heat equation on (0, %), with
control acting only at the left end. We next discuss possible extensions and open problems.

We use repeatedly in this section the following simple notation: for every complex-valued function f

defined on (0, %) we denote by Lf its extension to a function defined on (0, ) obtained by setting
f ), x€(0,%),
fr—x), xe(%.7).

When there will be no risk of confusion we will identify f and Lf.

(Lf)(x) = { (8-1)

Concerning the description of the reachable space for other boundary conditions or controls we detail
the case of Dirichlet control at one end, with homogeneous Dirichlet boundary condition at the other end.
For the sake of convenience, we consider the corresponding heat equation on the space interval (0, %),
with control acting at the left end.

More precisely, for every T > 0 we are interested in the range of the operator ®°4 defined as follows:

denoting by y the solution of

82y

dy

E(tvx)=@(tax)t>oa XG(O, %)a

Y&, 0 =u@), y(t,T)=0, tel0,o00), (8-2)
v(0,x) =0, x€(0,%),

%44 i5 defined by
@Yy = y(z,.), uelL?0,1]. (8-3)
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Proposition 8.1. For t > 0 we have
Ran CID‘f’dd ={neRand; | n(s)+n(m —s5)=0 forse AU (T — A)}, (8-4)

where ®; and A were defined in (1-2) and (1-7), respectively.

Proof. Let n € Ran CD‘T’dd and let u € L?[0, 7] be such that dD‘T’ddu = 7. Consequently, the solution y of
(8-2) with u introduced above satisfies

y(r,x)=n(), x€(0,%). (8-5)
Let
w(t, )= Ly, ), te]0,71], (8-6)

where L is the operator introduced in (8-1). Thanks to the fact that y(t, %) =0, it follows that w satisfies
(1-1), with uo(t) = u(z) and u, (t) = —u(t). We thus have Ln = w(z, - ) € Ran ®; so that, identifying n
and Ln, we have thus shown that the inclusion

Ran ®%% {5 e Ran @, | n(s)+n(wr —s) =0fors € AU (r — A)}

holds for every T > 0.
To prove the inclusion

{fneRan®; | n(s)+n(w —s)=0fors e AU (T — A)} C Ran CD‘r’dd, (8-7)
for every n € Ran ®; we denote by ug, u, € L?[0, 7] two controls such that the solution w of (1-1) satisfies

w(t,x)=nx), >0, xe(0,mn).
Let
y(t,x)= 3w, x) —w(t, 7 —x)), t=0, xe(,mn).

Then y satisfies (1-1) with ug and u, replaced by %(uo —uy) and %(un — ugp), respectively. Since we
clearly have y(t, %) = 0 for every ¢ > 0, it follows that y satisfies (8-2), with u replaced %(uo — Uny)
and y(t,x) = n(x) for x € (0, %) Consequently, n = %d)‘;dd(uo —uy), so that n € Ran dDCT’dd. We have
thus proved (8-7), which ends the proof. (I

Remark 8.2. The reachable space for the 1-dimensional heat equation with other boundary conditions
and controls (at one or both ends) can also be made completely explicit by using arguments fully similar
to those above (see also Section 5 of [Hartmann et al. 2020]).
If we introduce, for instance, for every t > 0, the operator ®'" defined by
Py =z(t,-), uelL’0,1], (8-8)

where z satisfies

9z 3%z
E(z‘,x):@(t,x), 120, xe€(0,%),

2(t,0) = u(t), g—i(r, 7Y =0, 1[0, 00), (8-9)

z(0,x) =0, x€(0,%),
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then for every T > 0 we have
Ran &£" = {n e Ran @, | n(s) = n(w —s) for s € AU (7 — A)}. (8-10)

We continue this section with two results leading, as promised in Remark 6.1, to a lower bound for
the null controllability cost for the system (1-1) in terms of the cost of the null controllability of the
corresponding system on ( ) (that is (8-2)). To this aim, we first note that the following result holds.

Proposition 8.3. Let T > 0 and @, and ®°% be the operators defined in (1-2) and (8-3), respectively.
Then

1
InllRanogs < 7 I Lnlkme,. 7> 0. 1 Ran P, (8-11)

where the operator L was defined in (8-1).

Proof. Let n € Ran d>‘;dd. For every ug, u, € L?[0, 7] with

Ur

y(t,x) = ( ,[uﬂ _”;’;D(x), t>0, xe(0,%).

Then y clearly satisfies (8-2), with u replaced by %(uo —uy,). This fact, combined with (8-3) and (8-12),
implies that

@, [”0] — Ly (8-12)

we set

1
n= 5@ o — ur).

Thus for every T > 0, n € Ran ®%4 and for every ug, u, € L*[0, 7] satisfying (8-12) we have

1 1
Il ran o < 50 =t 201 < Tz\/ 0017210 ) 1 17200 1 -

Taking the lower bound of the right-hand side of the above inequality over all the controls ug, u,; € L*[0, 7]
satisfying (8-12) we obtain (8-11). [l

Corollary 8.4. Let T and T°% be the semigroups on W=12(0, ) and W= 2(O ”) generated by the
Dirichlet Laplacians on (0, ) and (0 ) respectively. For T > 0, let ¢, and c°dd be the costs of null
controllability in time t for the systems defined by (1-1) and (8-2), respectively. Recalling (6-1), this
means that

Cr = sup ||—|]—tw||Ran<1>T, (8-13)
1y —1.200.2y<1
= sup TP fIRan o, (8-14)

191l =120, /2) <1

where &, and CD(,’dd have been defined in (1-2) and (8-3), respectively.
Then
¥ < Ve, T>0. (8-15)
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Proof. We first note that the operator L defined in (8-1) satisfies
ILflw-120.0 =21 fllw-12002.  f € W20, %). (8-16)
Moreover, simple symmetry arguments show that
LTYYy =T,Ly >0, y € W 2(0, %). (8-17)

Consequently, using consecutively (8-14), Proposition 8.3, (8-17) and (8-16) we have

1 1
< —  sup TeL¥llrme, <—=  sup  [T:¢llrano,. (8-18)
L V2 Wyt V2 10l 1200 <2
which yields the conclusion (8-15). O

In spite of several recent advances, the study of the reachable space for the 1-dimensional heat equation
with various types of controls still has interesting open questions. We can mention, for instance, the case
of control supported at a point inside the interval (pointwise control), where the methods developed in
the present work might be adapted to describe the dependence of the reachable space on the diophantine
approximation properties of the control location. As far as we know, the case of a control acting on a
subinterval of (0, ) has not been explicitly studied in the literature. However, we think that the methods
and results in [Dardé and Ervedoza 2018] can be adapted to this situation, to yield the reachability of
functions which are holomorphic in any neighborhood of an appropriate domain. Due to the fact that the
use of cut-off functions seems necessary in this situation, we think that the methods developed in our
paper would not allow improving this type of result. Finally, concerning the case of a system described
by the heat equation in a bounded domain of R”, with control acting on the whole boundary, interesting
advances, which can be seen as generalizations of the main result in [Dardé and Ervedoza 2018], have
been obtained in [Strohmaier and Waters 2022]. However, the question of characterizing in this case the
reachable space in terms of known spaces of function which are analytic on appropriate domains of C"
seems still a very interesting open question.

Acknowledgements

The authors are grateful to Sylvain Ervedoza and Marcu-Antone Orsoni for their careful reading of the
manuscript and for helpful discussions. They also warmly thank the referee for his suggestions, which
improved the paper.

References
[Aikawa et al. 1990] H. Aikawa, N. Hayashi, and S. Saitoh, “The Bergman space on a sector and the heat equation”, Complex
Variables Theory Appl. 15:1 (1990), 27-36. MR Zbl

[Dardé and Ervedoza 2018] J. Dardé and S. Ervedoza, “On the reachable set for the one-dimensional heat equation”, SIAM J.
Control Optim. 56:3 (2018), 1692—-1715. MR Zbl

[Dardé and Ervedoza 2019] J. Dardé and S. Ervedoza, “On the cost of observability in small times for the one-dimensional heat
equation”, Anal. PDE 12:6 (2019), 1455-1488. MR Zbl


http://dx.doi.org/10.1080/17476939008814430
http://msp.org/idx/mr/1055936
http://msp.org/idx/zbl/0704.30012
http://dx.doi.org/10.1137/16M1093215
http://msp.org/idx/mr/3802267
http://msp.org/idx/zbl/1391.35171
http://dx.doi.org/10.2140/apde.2019.12.1455
http://dx.doi.org/10.2140/apde.2019.12.1455
http://msp.org/idx/mr/3921310
http://msp.org/idx/zbl/1417.35051

SHARP REACHABILITY RESULTS FOR THE HEAT EQUATION IN ONE SPACE DIMENSION 919

[D’Azzo and Houpis 1975] J. J. D’Azzo and C. H. Houpis, Linear control system analysis and design: conventional and modern,
3rd ed., McGraw-Hill, New York, 1975. Zbl

[Ervedoza and Zuazua 2011] S. Ervedoza and E. Zuazua, “Sharp observability estimates for heat equations”, Arch. Ration. Mech.
Anal. 202:3 (2011), 975-1017. MR Zbl

[Fattorini 1978] H. O. Fattorini, “Reachable states in boundary control of the heat equation are independent of time”, Proc. Roy.
Soc. Edinburgh Sect. A 81:1-2 (1978), 71-77. MR Zbl

[Fattorini and Russell 1971] H. O. Fattorini and D. L. Russell, “Exact controllability theorems for linear parabolic equations in
one space dimension”, Arch. Ration. Mech. Anal. 43 (1971), 272-292. MR Zbl

[Fattorini and Russell 1974] H. O. Fattorini and D. L. Russell, “Uniform bounds on biorthogonal functions for real exponentials
with an application to the control theory of parabolic equations”, Quart. Appl. Math. 32 (1974), 45-69. MR Zbl

[Friedland 1986] B. Friedland, Control system design: an introduction to state-space methods, McGraw-Hill, New York, 1986.
Zbl

[Gal and Gal 2017] C. G. Gal and S. G. Gal, “Heat and Laplace type equations with complex spatial variables in weighted
Bergman spaces”, Electron. J. Differential Equations 2017 (2017), art. id. 236. MR Zbl

[Giiichal 1985] E. N. Giiichal, “A lower bound of the norm of the control operator for the heat equation”, J. Math. Anal. Appl.
110:2 (1985), 519-527. MR Zbl

[Hartmann et al. 2020] A. Hartmann, K. Kellay, and M. Tucsnak, “From the reachable space of the heat equation to Hilbert
spaces of holomorphic functions”, J. Eur. Math. Soc. 22:10 (2020), 3417-3440. MR Zbl

[Tonescu et al. 1999] V. Ionescu, C. Oard, and M. Weiss, Generalized Riccati theory and robust control, Wiley, Chichester, 1999.
MR Zbl

[Kwakernaak and Sivan 1972] H. Kwakernaak and R. Sivan, Linear optimal control systems, Wiley, New York, 1972. MR Zbl

[Laroche et al. 2000] B. Laroche, P. Martin, and P. Rouchon, “Motion planning for the heat equation”, Int. J. Robust Nonlinear
Control 10:8 (2000), 629-643. MR Zbl

[Laurent and Rosier 2018] C. Laurent and L. Rosier, “Exact controllability of nonlinear heat equations in spaces of analytic
functions”, preprint, 2018. arXiv 1812.06637

[Lissy 2015] P. Lissy, “Explicit lower bounds for the cost of fast controls for some 1-D parabolic or dispersive equations, and a
new lower bound concerning the uniform controllability of the 1-D transport-diffusion equation”, J. Differential Equations
259:10 (2015), 5331-5352. MR Zbl

[Maciejowski 1989] J. Maciejowski, Multivariable feedback design, Addison-Wesley, Reading, MA, 1989. Zbl

[Martin et al. 2016] P. Martin, L. Rosier, and P. Rouchon, “On the reachable states for the boundary control of the heat equation”,
Appl. Math. Res. Express. 2016:2 (2016), 181-216. MR Zbl

[Miller 2004] L. Miller, “Geometric bounds on the growth rate of null-controllability cost for the heat equation in small time”,
J. Differential Equations 204:1 (2004), 202-226. MR Zbl

[Orsoni 2021] M.-A. Orsoni, “Reachable states and holomorphic function spaces for the 1-D heat equation”, J. Funct. Anal.
280:7 (2021), art. id. 108852. MR Zbl

[Rugh 1993] W.J. Rugh, Linear system theory, Prentice Hall, Englewood Cliffs, NJ, 1993. MR

[Schmidt 1986] E.J. P. G. Schmidt, “Even more states reachable by boundary control for the heat equation”, SIAM J. Control
Optim. 24:6 (1986), 1319-1322. MR Zbl

[Seidman 1979] T. I. Seidman, “Time-invariance of the reachable set for linear control problems”, J. Math. Anal. Appl. 72:1
(1979), 17-20. MR Zbl

[Seidman 1988] T. I. Seidman, “How violent are fast controls?”, Math. Control Signals Systems 1:1 (1988), 89-95. MR Zbl

[Seidman and Yong 1996] T.I. Seidman and J. Yong, “How violent are fast controls?, II”, Math. Control Signals Systems 9:4
(1996), 327-340. MR Zbl

[Strohmaier and Waters 2022] A. Strohmaier and A. Waters, “Analytic properties of heat equation solutions and reachable sets”,
2022, available at https://doi.org/10.1007/s00209-022-03058-9. MR Zbl


http://msp.org/idx/zbl/0366.93001
http://dx.doi.org/10.1007/s00205-011-0445-8
http://msp.org/idx/mr/2854675
http://msp.org/idx/zbl/1251.93040
http://dx.doi.org/10.1017/S0308210500010453
http://msp.org/idx/mr/529378
http://msp.org/idx/zbl/0404.49034
http://dx.doi.org/10.1007/BF00250466
http://dx.doi.org/10.1007/BF00250466
http://msp.org/idx/mr/335014
http://msp.org/idx/zbl/0231.93003
http://dx.doi.org/10.1090/qam/510972
http://dx.doi.org/10.1090/qam/510972
http://msp.org/idx/mr/510972
http://msp.org/idx/zbl/0281.35009
http://msp.org/idx/zbl/0925.93002
https://ejde.math.txstate.edu/Volumes/2017/236/abstr.html
https://ejde.math.txstate.edu/Volumes/2017/236/abstr.html
http://msp.org/idx/mr/3711189
http://msp.org/idx/zbl/06785396
http://dx.doi.org/10.1016/0022-247X(85)90313-0
http://msp.org/idx/mr/805273
http://msp.org/idx/zbl/0570.49029
http://dx.doi.org/10.4171/jems/989
http://dx.doi.org/10.4171/jems/989
http://msp.org/idx/mr/4153111
http://msp.org/idx/zbl/1454.93022
http://msp.org/idx/mr/1681732
http://msp.org/idx/zbl/0915.34024
http://dx.doi.org/10.5555/578807
http://msp.org/idx/mr/0406607
http://msp.org/idx/zbl/0276.93001
http://dx.doi.org/10.1002/1099-1239(20000715)10:8<629::AID-RNC502>3.0.CO;2-N
http://msp.org/idx/mr/1776232
http://msp.org/idx/zbl/1022.93025
http://msp.org/idx/arx/1812.06637
http://dx.doi.org/10.1016/j.jde.2015.06.031
http://dx.doi.org/10.1016/j.jde.2015.06.031
http://msp.org/idx/mr/3377528
http://msp.org/idx/zbl/1331.35352
http://msp.org/idx/zbl/0691.93001
http://dx.doi.org/10.1093/amrx/abv013
http://msp.org/idx/mr/3551775
http://msp.org/idx/zbl/1396.35026
http://dx.doi.org/10.1016/j.jde.2004.05.007
http://msp.org/idx/mr/2076164
http://msp.org/idx/zbl/1053.93010
http://dx.doi.org/10.1016/j.jfa.2020.108852
http://msp.org/idx/mr/4211029
http://msp.org/idx/zbl/07306994
http://msp.org/idx/mr/1211190
http://dx.doi.org/10.1137/0324079
http://msp.org/idx/mr/861101
http://msp.org/idx/zbl/0602.49026
http://dx.doi.org/10.1016/0022-247X(79)90271-3
http://msp.org/idx/mr/552319
http://msp.org/idx/zbl/0419.93044
http://dx.doi.org/10.1007/BF02551238
http://msp.org/idx/mr/923278
http://msp.org/idx/zbl/0663.49018
http://dx.doi.org/10.1007/BF01211854
http://msp.org/idx/mr/1450356
http://msp.org/idx/zbl/0906.93007
http://dx.doi.org/10.1007/s00209-022-03058-9
http://msp.org/idx/mr/4462675
http://msp.org/idx/zbl/07570236

920 KARIM KELLAY, THOMAS NORMAND AND MARIUS TUCSNAK

[Tenenbaum and Tucsnak 2007] G. Tenenbaum and M. Tucsnak, “New blow-up rates for fast controls of Schrodinger and heat
equations”, J. Differential Equations 243:1 (2007), 70-100. MR Zbl

[Tucsnak and Weiss 2009] M. Tucsnak and G. Weiss, Observation and control for operator semigroups, Birkhduser, Basel, 2009.
MR Zbl

[Tucsnak and Weiss 2014] M. Tucsnak and G. Weiss, “Well-posed systems: the LTI case and beyond”, Automatica 50:7 (2014),
1757-1779. MR Zbl

[Tucsnak and Weiss 2015] M. Tucsnak and G. Weiss, “From exact observability to identification of singular sources”, Math.
Control Signals Systems 27:1 (2015), 1-21. MR Zbl

[Weiss 1989] G. Weiss, “Admissibility of unbounded control operators”, SIAM J. Control Optim. 27:3 (1989), 527-545. MR
Zbl

[Wonham 1974] W. M. Wonham, Linear multivariable control: a geometric approach, Lect. Notes Econ. Math. Syst. 101,
Springer, 1974. MR Zbl

Received 1 Oct 2019. Revised 30 Sep 2020. Accepted 11 Dec 2020.

KARIM KELLAY: kkellay@math.u-bordeaux.fr
Institut de Mathématiques de Bordeaux, Université de Bordeaux, Talence, France

THOMAS NORMAND: thomas.normand@math.u-bordeaux.fr
Institut de Mathématiques de Bordeaux, Université de Bordeaux, Talence, France

MARIUS TUCSNAK: marius.tucsnak@u-bordeaux.fr
Institut de Mathématiques de Bordeaux, Université de Bordeaux, Talence, France

mathematical sciences publishers :'msp


http://dx.doi.org/10.1016/j.jde.2007.06.019
http://dx.doi.org/10.1016/j.jde.2007.06.019
http://msp.org/idx/mr/2363470
http://msp.org/idx/zbl/1127.93016
http://dx.doi.org/10.1007/978-3-7643-8994-9
http://msp.org/idx/mr/2502023
http://msp.org/idx/zbl/1188.93002
http://dx.doi.org/10.1016/j.automatica.2014.04.016
http://msp.org/idx/mr/3230878
http://msp.org/idx/zbl/1296.93072
http://dx.doi.org/10.1007/s00498-014-0132-z
http://msp.org/idx/mr/3306623
http://msp.org/idx/zbl/1308.93047
http://dx.doi.org/10.1137/0327028
http://msp.org/idx/mr/993285
http://msp.org/idx/zbl/0685.93043
http://dx.doi.org/10.1007/978-3-662-22673-5
http://msp.org/idx/mr/0378912
http://msp.org/idx/zbl/0314.93007
mailto:kkellay@math.u-bordeaux.fr
mailto:thomas.normand@math.u-bordeaux.fr
mailto:marius.tucsnak@u-bordeaux.fr
http://msp.org

Massimiliano Berti

Zbigniew Btocki

Charles Fefferman

Isabelle Gallagher

Colin Guillarmou

Ursula Hamenstaedt

Vadim Kaloshin

Izabella Laba

Anna L. Mazzucato

Richard B. Melrose

Frank Merle

William Minicozzi IT

Analysis & PDE
msp.org/apde

EDITORS-IN-CHIEF

Patrick Gérard

Université Paris Sud XI, France

patrick.gerard @universite-paris-saclay.fr

Clément Mouhot

Cambridge University, UK

c.mouhot@dpmms.cam.ac.uk

BOARD OF EDITORS

Scuola Intern. Sup. di Studi Avanzati, Italy
berti @sissa.it

Uniwersytet Jagielloniski, Poland
zbigniew.blocki@uj.edu.pl

Princeton University, USA
cf@math.princeton.edu

Université Paris-Diderot, IMJ-PRG, France
gallagher @math.ens.fr

Université Paris-Saclay, France
colin.guillarmou @universite-paris-saclay.fr
Universitdt Bonn, Germany
ursula@math.uni-bonn.de

University of Maryland, USA
vadim.kaloshin @gmail.com

University of British Columbia, Canada
ilaba@math.ubc.ca

Penn State University, USA

alm24 @psu.edu

Massachussets Inst. of Tech., USA
rbm@math.mit.edu

Université de Cergy-Pontoise, France
merle @ihes.fr

Johns Hopkins University, USA
minicozz@math.jhu.edu

Werner Miiller

Gilles Pisier

Igor Rodnianski

Yum-Tong Siu

Terence Tao

Michael E. Taylor

Gunther Uhlmann

Andris Vasy

Dan Virgil Voiculescu

Jim Wright

Steven Zelditch

Maciej Zworski

PRODUCTION
production @msp.org

Silvio Levy, Scientific Editor

Universitidt Bonn, Germany

mueller @math.uni-bonn.de

Texas A&M University, and Paris 6
pisier@math.tamu.edu

Princeton University, USA

irod @math.princeton.edu

Harvard University, USA
siu@math.harvard.edu

University of California, Los Angeles, USA
tao@math.ucla.edu

Univ. of North Carolina, Chapel Hill, USA
met@math.unc.edu

University of Washington, USA
gunther @math.washington.edu
Stanford University, USA

andras @math.stanford.edu

University of California, Berkeley, USA
dvv@math.berkeley.edu

University of Edinburgh, UK
jr.wright@ed.ac.uk

Northwestern University, USA
s-zelditch@northwestern.edu

University of California, Berkeley, USA
zworski@math.berkeley.edu

See inside back cover or msp.org/apde for submission instructions.

The subscription price for 2022 is US $370/year for the electronic version, and $580/year (+$60, if shipping outside the US) for print and
electronic. Subscriptions, requests for back issues from the last three years and changes of subscriber address should be sent to MSP.

Analysis & PDE (ISSN 1948-206X electronic, 2157-5045 printed) at Mathematical Sciences Publishers, 798 Evans Hall #3840, c/o Univer-
sity of California, Berkeley, CA 94720-3840, is published continuously online.

APDE peer review and production are managed by EditFlow® from MSP.

PUBLISHED BY

:I mathematical sciences publishers

nonprofit scientific publishing

http://msp.org/
© 2022 Mathematical Sciences Publishers


http://msp.org/apde
mailto:patrick.gerard@universite-paris-saclay.fr
mailto:c.mouhot@dpmms.cam.ac.uk
mailto:berti@sissa.it
mailto:zbigniew.blocki@uj.edu.pl
mailto:cf@math.princeton.edu
mailto:gallagher@math.ens.fr
mailto:colin.guillarmou@universite-paris-saclay.fr
mailto:ursula@math.uni-bonn.de
mailto:vadim.kaloshin@gmail.com
mailto:ilaba@math.ubc.ca
mailto:alm24@psu.edu
mailto:rbm@math.mit.edu
mailto:merle@ihes.fr
mailto:minicozz@math.jhu.edu
mailto:mueller@math.uni-bonn.de
mailto:pisier@math.tamu.edu
mailto:irod@math.princeton.edu
mailto:siu@math.harvard.edu
mailto:tao@math.ucla.edu
mailto:met@math.unc.edu
mailto:gunther@math.washington.edu
mailto:andras@math.stanford.edu
mailto:dvv@math.berkeley.edu
mailto:j.r.wright@ed.ac.uk
mailto:s-zelditch@northwestern.edu
mailto:zworski@math.berkeley.edu
mailto:production@msp.org
http://msp.org/apde
http://msp.org/
http://msp.org/

ANALYSIS & PDE

Volume 15 No.4 2022

Sharp reachability results for the heat equation in one space dimension 891
KARIM KELLAY, THOMAS NORMAND and MARIUS TUCSNAK

The deformed Hermitian Yang—Mills equation on three-folds 921
VAMSI PRITHAM PINGALI

The 1-dimensional nonlinear Schrodinger equation with a weighted L' potential 937
GONG CHEN and FABIO PUSATERI

Mergelyan approximation theorem for holomorphic Legendrian curves 983
FRANC FORSTNERIC

Five-linear singular integral estimates of Brascamp-Lieb-type 1011
CAMIL MUSCALU and YUJIA ZHAI

Local maximizers of adjoint Fourier restriction estimates for the cone, paraboloid and sphere 1097
FELIPE GONCALVES and GIUSEPPE NEGRO



	1. Introduction
	2. Some background on finite-dimensional linear time-invariant systems
	3. Reachable space for well-posed linear control systems
	4. Proof of Theorem 1.1
	5. Reachable space with smooth inputs
	6. Reachable space and the cost of null controllability
	7. Sums of Bergman spaces on symmetric sectors
	8. Comments and related questions
	Acknowledgements
	References
	
	

