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Abstract. We consider a semiclassical linear Boltzmann model with a
non-local collision operator. We provide sharp spectral asymptotics for
the small spectrum in the low temperature regime from which we deduce
the rate of return to equilibrium as well as a metastability result. The
main ingredients are resolvent estimates obtained via hypocoercive tech-
niques and the construction of sharp Gaussian quasimodes through an
adaptation of the WKB method.
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1. Introduction

1.1. Motivations
We are interested in the linear Boltzmann equation:
{ howu + v - hOyzu — 0,V - hdyu + Qu(h,u) =0

Ult=0 = U0

(1.1)

in a semiclassical framework (i.e., in the limit A — 0), where h is a semiclas-
sical parameter and corresponds to the temperature of the system. Here, we
denoted for shortness 9, and 0, the partial gradients with respect to z and v.
This equation is used to model the evolution of a system of charged particles
in a gas on which acts an electrical force associated with the real-valued poten-
tial V' that only depends on the space variable z. The interactions between
the particles are modeled by the linear operator Q3 which is called collision
operator. Here, the unknown is the function u : Ry — L!(R2??) giving the
probability density of the system of particles at time ¢ € R, position x € R?
and velocity v € R%. For our purpose, we introduce the square roots of the

usual Maxwellian distributions

_u2
e 4h

wn(v) = @rh)i and My = e*%ph. (1.2)
In many models, we have
Qr(h, MZ) =0 and  Qj(h1)=0 (1.3)

so in particular M3 is a stable state of (1.1). In order to do a perturbative
study of the time independent operator associated with (1.1) near M%, we
introduce the natural Hilbert space

H = {ueD; M; 'ue L*(R*)}.

It is clear from the Cauchy—Schwarz inequality that H is indeed a subset of
LY(R2%) provided that e~27 € L2(R%). In view of (1.3) and the definition of
‘H, it is more convenient to work with the new unknown

f=M; u Ry — L*(R*)
for which the new equation becomes

hOLf +v - hduf — 8,V - hduf + Qu(f) = 0
Jit=0 = Jfo

where

Qn=M; " 0Qu(h,-) o My,
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Our study will be focused on the new time independent operator
Py =v-hd; — 0,V - hd, + Qn
= X¢ + Qn

for some specific choices of the collision operator @, where the notation X/
will stand for the operator v - hd, — 3,V - h0,, but also for the vector field
(z,v) — h(v,—0,V (x)). There are plenty of different collision operators stud-
ied in the literature, their main properties being that these are symmetric inte-
gral operators acting as multiplicators in the position variable x and canceling
the Maxwellian distribution. Our work is in particular motivated by the study
of the mild relaxation operator introduced in [19] and given by Ho(1 + Hp)™*
with Hy the harmonic oscillator in velocity defined by

Hy=—h*A, + — — —. (1.5)

In this spirit, the collision operators we will be working with will always be
bounded and self-adjoint so, (X, C2°(R?4)) being essentially skew-adjoint, the
operator Pj, (endowed with the appropriate domain) is maximal accretive and
(1.4) is well-posed. More generally, some interesting cases of collision operators
are given by functions of Hy (see, for instance, [9,13-15,19]) which is the setting
that we will adopt.

This paper is concerned with the spectral study of the operator P,. This
type of questions has recently known some major progress on the impulse of
microlocal methods. In the case of the linear Boltzmann equation (1.4), the
use of hypocoercive techniques in 2015 in [20] enabled to get some resolvent
estimates and establish a rough localization of the small spectrum of P, which
consists of exponentially small eigenvalues in correspondence with the minima
of the potential V. This type of result is similar to the one obtained for example
for the Witten Laplacian by Helffer and Sjostrand in [7] in the 1980s. Such
a localization already leads to return to equilibrium and metastability results
which can be improved as the description of the small spectrum becomes more
precise. For example, sharp asymptotics of the small eigenvalues of the Witten
Laplacian were obtained later in the 2000s in [2, 6] and later again for Kramers—
Fokker—Planck-type operators by Hérau et al. in [10]. In these papers, the idea
was to exhibit a supersymmetric structure for the operator and then study both
the derivative acting from O-forms into 1-forms and its adjoint with the help
of basic quasimodes. In [19], Robbe managed to show that the Boltzmann Eq.
(1.4) with mild relaxation enjoys such a supersymmetric structure. However, in
that case, the matrix appearing in the modification of the inner product does
not obey good estimates with respect to the semiclassical parameter h. This is
why our goal here will be to give precise spectral asymptotics for the operator
P, through a more recent approach which consists in directly constructing a
family of accurate quasimodes for our operator in the spirit of [1,12].

The aim of this paper is twofold. In a first time, we want to prove a
result similar to the one obtained by Robbe in [20] but for a large class of
collision operators. The second goal is to provide complete asymptotics of the
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small eigenvalues of P}, as it was done in [6] for the Witten Laplacian or in
[10,11] with recent improvements by Bony et al. in [1] in the case of Fokker—
Planck-type differential operators. We manage to establish such results for
Eq. (1.4) for a class of pseudo-differential collision operators presenting nice
symbol properties as well as a factorized structure.

1.2. Setting and Main Results
For d' € N* and Z € C%, we use the standard notation (Z) = (1 + |Z|?)'/2.
In this paper, we will treat the case of collision operators of the form
Qn = o(Ho)
with p satisfying the following:
Hypothesis 1.1. The function o : Ry — Ry wanishes at the origin and for all
t>0,
1 ¢
C(t)
Moreover, it admits an analytic extension to {Rez > —&} for which there
exist Poo € Ry and o > 0 such that 9(2) = oo + O((2)~%).

o(t) >

In particular, @;, will be bounded uniformly in h and self-adjoint. An example
of such collision operator is the mild relazation operator introduced in [19] and
given by Ho(1 + Hp)~!. In order to state the consequences of Hypothesis 1.1,
let us introduce a few notations of semiclassical microlocal analysis which will
be used in all this paper. These are mainly extracted from [21], chapter 4. We
will denote Z € RY the dual variable of X and use the semiclassical Fourier
transform

FDE = [ e Epx)ax
We consider the space of semiclassical symbols
SE(((X,2)F) = {an € C®(R**Y: Vo € N*¥ [ 3C,, > 0 such that |0%an(X, )|
< Cohrel(X,2))k}

where k € R and « € [0,1/2]. Note that those symbols are allowed to depend
on h; however, in order to shorten the notations, we will drop the index h in
the rest of the paper when dealing with semiclassical symbols. Given a symbol
a € S*({(X,Z))*), we define the associated semiclassical pseudo-differential
operator for the Weyl quantization acting on functions u € S(R%) by

’ 7 = X X/
Opy,(a)u(X) = (2rh)~? / / e (X=X )':a< _; ,E)u(X’) dX'd=
R4 JR

where the integrals may have to be interpreted as oscillating integrals. We will
denote U*(((X,Z))*) the set of such operators. In our setting, we will denote ¢
(resp. ) the dual variable of z (resp. v). We also need to introduce the notion
of analytic symbols. For our purpose, we almost always consider symbols that
do not depend on the variable £.
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Definition 1.2. For 7 > 0, let us introduce the set
Y, ={2€C;Imz| < 7}¢cC

For k € R, we denote S2({(x,v,n))*) the space of symbols a;, € S°({(z,v,1))*)
independent of £ such that:
(i) For all (z,v) € R? ay(x,v,-) is analytic on X,
(ii) For all B € N2? there exists Cj3 > 0 such that |8(Bw)v)ah| < Cp{(z,v,n))k
on R* x ¥
We will also use the notation aj = OSQ(((m,y,n»k)(hN) to say that for all
o € N34 there exists C, y such that |0%ay,| < Co.n BN ((z,v,1))* on R2 x %,

Here again, we will drop the index A in the notations of analytic symbols.
Using the Cauchy—Riemann equations, we see that item (i) from Definition
1.2 implies that for all 3 € N2¢ and (x,v) € R??, the functions 8é’v)a(x,u, )
are also analytic on X.. Besides, the Cauchy formula implies that for any
7 <7, a€N?and 3 € N2 there exists C, 5 such that

1090, yal < Capl(@,o,m)*  on R* x %

, 1.e., up to taking 7 smaller, item (ii) from Definition 1.2 can be extended
to 8 € N3¢, Let us introduce a notion of expansion where the coefficients are
allowed to depend on h: We will say that

a ~p Z h a; (1.6)
Jj=0
in SO({(x, v,m))*) (vesp. in SY({(x,v,n)*)) if (a;);50 C S°({(2,v,1))*) (resp.
(aj)j>0 C S2({(z,v,n))¥)) is a family of symbols which may depend on h and
are such that for all N € N,
N-1
a= > Waj=Oso(auwmn (b)) (esp. Oso(((ams) (h))
§=0
Finally, we also have the usual notion of classical expansion for a symbol:
an~ 3 iso hia; in SO({(z,v,m))*) (resp. in S2({(x,v,n))*)) means that a ~,
> isoa; in SO({(z,v,m))*) (vesp. in SY({(x,v,n))*)) and the (a;);j>o are
independent of h.
We now extend these notions to matrix-valued symbols: If
M = (mp,q)

1<psm
1<q<n2

is a matrix of functions such that each m,, € S*({(z,v,n))*) (resp.
mp.q € S2(((x,v,1))*)), we say that M € My, 5, (S*({(z,v,n))")) (resp.M €
Moy s (S2({(z,v,m))*))) and we denote

Op;,(M) = (Opn(mpa)) | _
1<q<ns
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The notation
_ N _ N
M=0, (o) B (esp M =00 ) )

means that for all (p, g) € [1, n1]x[1,n2], the symbol my, ¢ is Ogo(((z,0,m)%) (hY)
(resp. OSQ(«%OW))”(hN)). Furthermore, the notions of expansions M ~y
ano hnM” and M ~ ano h”Mn in M"l,nz (50(<($»”777)>k)) (resp-MnhTu
(S2({(z,v,m))*))) are straightforward adaptations of the ones for scalar sym-
bols.

These notions enable us to introduce a new class of collision operators
which appears to be more general that the one given by Hypothesis 1.1. Let
us denote by, the twisted derivative

by = hdy, +v/2 (1.7)

so that in particular with the notation (1.5) we have Hy = b} b,. We also use
the standard notation M4(R) for the set of all d-by-d real matrices.

Hypothesis 1.3. There exist 7 > 0 and a symmetric matriz of analytic symbols

Mh(x’ v, 77) = (ml)aq(x’v’n))lﬁp,qﬁd = Md(S‘?(«U’n»iQ))

sending R3¢ into M4(R) and such that, with the notation (1.7), the collision
operator @y, satisfies

(2) Qn =bj 0 Opy (M") o by,

(b) M* ~ 37, o WMy in Ma(S2(((v,7))7%))

(¢) For all (z,v,n) € R3, M"(x,v,n) = Mh(x v, —1n)
() Por all (z,v.m) € B, Mo(z.v.n) > &((v.1)~2 Id

Since the (M, ), do not depend on h, we easily get that these matrices of
symbols are also even in 7, symmetric, independent of £ and with values in
M(R); so in particular item d) makes sense. This will enable us to establish
Lemma 2.1 which is sometimes referred to as microscopic coercivity (see, for
instance, [5]). As announced, we have the following lemma which is proven in
Appendix 6:

Lemma 1.4. Hypothesis 1.1 implies Hypothesis 1.3.

We will also make a few confining assumptions on the function V', assuring,
for instance, that the bottom spectrum of the associated Witten Laplacian is
discrete. In particular, our potential will satisfy Assumption 2 from [12] and
Hypothesis 1.1 from [20].

Hypothesis 1.5. The potential V is a smooth Morse function depending only
on the space variable x € R? with values in R which is bounded from below and
such that

10,V ()| > é for 2| > C.

Moreover, for all a € N with |a| > 2, there exists C,, such that
|05V ] < C.
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In particular, for every 0 < k < d, the set of critical points of index k of V
that we denote U*) is finite and we set

nog = #Z/{(O) (18)
Finally, we will suppose that ng > 2.

The last assumption comes from the fact that when ng = 1, the so-called
small spectrum of the operator Py, (i.e., its eigenvalues with exponentially small
modulus) is trivial, so there is nothing to study. It is shown in [16], Lemma 3.14
that for a function V satisfying Hypothesis 1.5, we have V(z) > |z|/C outside
of a compact. In particular, under Hypothesis 1.5, it holds e~V/2" ¢ L2 (RY).
Moreover, in our setting, X[ is a smooth vector field whose differential is
bounded on R2?, so the operator X/ endowed with the domain

D = {u € L*(R*?); X}u € L*(R*)} (1.9)

is skew-adjoint on L?(R?9) and the set S(R??) is a core for this operator.
Therefore, (P, D)* = (=X + Qn, D) and (Py, D) is m-accretive on L?(R??).

For an operator such as P, which is not, for instance, self-adjoint with
compact resolvent, we do not have any information a priori on its spectrum
(except here that it is contained in {z € C; Rez > 0}). Section?2 is thus
devoted to establishing a first description of the spectrum of P, near 0 which,
in the spirit of the case of other non self-adjoint operators studied in [10,20],
appears in particular to be discrete:

Theorem 1.6. Assume that Hypotheses 1.3 and 1.5 are satisfied and recall the
notation (1.8). Then, the operator (Py, D) admits 0 as a simple eigenvalue.
Moreover, there exist ¢ > 0 and hg > 0 such that for all 0 < h < hg,
Spec(Pr) N{Rez < ch?} consists of exactly ng eigenvalues (counted with alge-
braic multiplicity) that are exponentially small with respect to 1/h and for all
0 < ¢ < ¢, the resolvent estimate

(Pu—2)"" = O(h™?)

holds uniformly in {Re z < ch?}\B(0, ¢h?). Finally, except for 0, the real parts
of these small eigenvalues are positive.

This result can be seen as a generalization of Theorem 3.0.2 from [19] (up to
the h? instead of h) as we saw that the mild relazation operator (which is
the collision operator studied in this reference) satisfies our hypotheses. In our
case, we get a localization of order h? because we adopt a simpler proof based
on hypocoercivity (inspired by [20]) than the one presented in [19].

In order to study the long time behavior of the solutions of (1.4), we need
a precise description of the small spectrum of Pj. To this aim, we construct
in Sects. 3 and 4 in the spirit of the WKB method a family of accurate quasi-
modes localized around the minima of V' that enables us to establish sharp
asymptotics of the small eigenvalues of Pj,. This leads in Sect. 5 to the estab-
lishment of Theorem 1.8 which is the main result of this paper. For the sake
of simplicity, we make in the statement an additional assumption (Hypothesis
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3.11) on the topology of the potential V' that could actually be omitted (see
[17] or [1]). It implies in particular that V has a unique global minimum that
we denote m. In order to be able to state our main result, we give the following
lemma which is actually a consequence of Proposition 4.7 and Lemma 4.8.

Lemma 1.7. Recall the matriz My from Hypothesis 1.3 and let m € U\ {m}
and s € j(m) where j is the topological map defined in 3.10. The matriz

5 — 0 —HesssV
—\Id M(](S, 0, 0)

has only one eigenvalue in {Re z < 0} which is actually real and that we denote
—ag.

According to Theorem 1.6, we can associate with each m € U(®\{m} a
nonzero exponentially small eigenvalue of P, that we denote A\(m, h).

Theorem 1.8. Suppose that Hypotheses 1.3, 1.5 and 3.11 are satisfied and recall
the notation of from Lemma 1.7. The exponentially small eigenvalues of P,
satisfy the following formula:
2 S(m) det(Hess, V)12
27
where Bp(m) admits a classical expansion whose first term is
Z | det(HesssV)|~Y/2 o

s€j(m)

A(m, h) = he™ By, (m)

and the maps S and j are defined in Definition 3.10.

When Hypothesis 1.3 is replaced by Hypothesis 1.1, we can give a slightly
more precise statement. In that case, denoting gty the only negative eigenvalue
of HessgV, the first term of By (m) is

1 3 |det(HeSSSV)|*1/2(—g’(0) Q’(O)2—4us). (1.10)

2
s€j(m)
Indeed, under Hypothesis 1.1, it is shown in Appendix 6, more precisely in
(A.13) that My(s,0,0) = (0)Id = ¢'(0) Id. Thanks to Proposition 4.7 from
which we keep the notations, we then have
Hesss Vi = —0'(0)2(1 4 v3)v3 o
and consequently

/0 /02_4
/0, VIOt

af = ' (05 = —
so the statement follows.

Remark 1.9. The case of the Fokker—Planck operator, i.e., when o(¢) = ¢t and
M" = 1d, is not covered by Theorem 1.8 as it does not fit its hypotheses.
However, formally applying our formula (1.10) to this case, we still recover
the one from [1,10] for this operator. (Be careful that our notation pg and the
notation u(s) from [1] do not stand for the same object.)



Metastability Results for a Class

Finally, Sect.6 consists in using the sharp localization obtained in The-
orem 1.8 in order to discuss the phenomena of return to equilibrium and
metastability for the solutions of (1.4). More precisely, we are able to give
a sharp rate of convergence of the semigroup e t"»/" toward Py, the orthog-
onal projector on Ker Pj: Denoting A* a nonzero eigenvalue of P, whose real
part is minimal, we establish that the rate of return to equilibrium is essentially
given by Re \*/h:

Corollary 1.10. Under the assumptions of Theorem 1.8, for any N > 1, there
exist Cy > 0 and hg > 0 such that for all0 < h < hg and t > 0,

”e—tP;L/h — Py < CNe—tReA*(l—CNhN)/h.
Moreover, if \* does not share its expansion given by Theorem 1.8 with another

eigenvalue of Py, (in particular it is a simple eigenvalue), then \* is real and
we even have

”e—tPh/h _ Pl” < Ce—w\*/h.

Besides, in the spirit of [1], we also show the metastable behavior of the solu-
tions of (1.4):

Corollary 1.11. Suppose that the assumptions of Theorem 1.8 hold true. Let
us consider some local minima my; = m, mo, ..., mg such that
SU®) = {+oo = S(m;) > S(my) > -+ > S(mg)}
for the map S from Definition 3.10. For 2 < k < K, denote Py the spectral
S(my,
projection associated with the eigenvalues that are O(ef2 e ) Then for any
times (tf)lgkglf satisfying

S(mpgy1)

te > A In(h™®)| and t; > |In(h™)[e* = for k=1,...,K—1
as well as

tfz—i—oo and tz=0<h"°e28(r§k>) for k=2,....K

one has

e_tPh/h = Pk + O(I’LOC) on [t]:,t;:]

In other words, we have shown the existence of timescales on which, during its
convergence toward the global equilibrium, the solution of (1.4) will essentially
visit the metastable spaces associated with the small eigenvalues of Pj,.

The results presented in this paper should be reasonably easy to adapt
to the case of collision operators satisfying Hypothesis 1.3 with the space S°
replaced by S* for k € [0,1/2[. (We should get some expansions in powers
of h1=2% instead of just h.) Another perspective would then be to study the
critical case k = 1/2 which should in particular cover the linear relazation
collision operator corresponding to the linear BGK model

Qr = h(1—1Ip) (1.11)
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where, using the notation (1.2),
IT, : L?(R??) — L2(R?%) (1.12)
denotes the orthogonal projection on
By = pun L*(RY) (1.13)

and for which Robbe gave a first localization of the small spectrum of the
associated operator X2 + Qy, in [20].

2. Rough Description of the Small Spectrum

Throughout the paper, we assume that Hypotheses 1.3 and 1.5 hold true. This
implies in particular that @Qj is bounded uniformly in h and self-adjoint in
L?(R2%). Let us begin with a lemma which consists in comparing our collision
operator with the one introduced in (1.11) and studied in [20]. This will in
particular enable us to use some computations from [20] later on.

Lemma 2.1. There exists hg > 0 such that for all 0 < h < hy,

Qn > %(1 —1Ij)

where Iy, is the projection introduced in (1.12). In particular, Qy is nonnega-
tive.

Proof. Since the space Ej, defined in (1.13) is contained in Ker @Q},, it is enough
to prove that (Qpu,u) > %||UH2 for u € Eji. Let u € Ej- and recall the
notations Hy and H; from (1.5) and (A.4). Let us consider an approximate
square root A of (14 Hy) given by

A= Oph((l F oA+ +h(l - d/2))1/21d) e TO(((v,n))).

By symbolic calculus, we easily have A2 = 1 + H; 4+ h?R; with R, €
¥O(((v,1))?). Besides, the symbol of A is clearly elliptic so A is invert-
ible and its inverse is also a pseudo-differential operator satisfying A2 =
(1+Hy) ' +h?R, with Ry € U9 (((v,1))~2) (see, for instance, [4], chapter 8).
Thus, using the factorization from Hypothesis 1.3 and the self-adjointness of
A, we get

(Qnu,u) = (AOp, (MM AA  bu, A byu).

Now according to Hypothesis 1.3 and symbolic calculus again, the principal
symbol of AOp,(M")A is elliptic so we can use the Garding inequality to
write

1

(Qnu,u) > <A_2bhu , bhu>

1 2
<b;;(1 + Hl)flbhu,u> - %Kb;‘; Ry bhu,u>‘.

Q|

>

Ql
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Still using symbolic calculus, we get bj Robp, = O(1) so applying (A.5) we
finally have

(@net) = G(Ho(1+ Ho) ™, ) = O

and the conclusion comes from the fact that the spectrum of Hy(1+ Hg)™? |E
is contained in [h/C, +00l.

We can already prove that 0 is a simple eigenvalue of (P, D) and that
the other eigenvalues have positive real part. It is easy to check that My
defined in (1.2) is in Ker Py,. Now, let A € R and let us prove that for u € Ker
(P, — 1)), one has u € C My,. Since X! is skew-adjoint and Q, is self-adjoint
and nonnegative, we have

0= Re((Py — iNu,u) = Q) ul|?

so in particular u € Ker @), = E}, according to Lemma 2.1. Therefore, u = wuy,
with w € L2(R%) and using that j;, ' Xu = iAw does not depend on v, we get
in the sense of distributions 9, (e"/?"w) = 0 which yields the desired result.

2.1. Hypocoercivity

Let us now use the dilatation operators
L*(R*) — L*(R*) L*(Rg) — L*(R)
Sh Th

u»—>h_d/2u(ﬁ, ﬁ) u|—>h_d/4u(ﬁ)

that were introduced in [20] in which these were combined with a scaling of II,

to conjugate Pj to a non-semiclassical operator with h-dependent potential.

In our case, it will enable us to use some computations and results already
established in [20].

Lemma 2.2. Recall the notation (1.9). Denoting
Xo=v:0; — 0, V() 0y
where Vi, = h"*V(Vh -),
Q=15 QnSh

and
Dom (P) = {u € L*(R*?); Xou € L*(R*Y)}, P =X,+Q,
one has
(hP, Dom(P)) = (S; ' PySh, S; ' D).
Moreover,

(hP, Dom(P))* = (S; ' P;iSy, S, ' D).
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Proof. We have for u € L?(R??)
hXou = S; ' X[ Spu
so using that S}, is bounded we get Dom (P) = S; ' D. Consequently,
(hP, Dom(P)) = (S}, ' PuSh, S; ' D)
and the result for the adjoint follows immediately.

We also recall the notations of the following differential operators from
[9,20]:
0,V
a= 0, + Qh; b=3v+g and A2 =a*a+b*b+ 1.
The operator (A%,C°(R?%)) is essentially self-adjoint. The Schwartz space
S(R2?4) is included in the domain of its self-adjoint extension (A2, D(A2)) which
is invertible. We can then define the operator

L=A2a"b (2.1)

which is bounded uniformly in & (see [20], Lemma 2.7), as well as the pertur-
bation he(L + L*) = O(h) where € > 0 will be chosen small enough later.

Besides, notice that a*a = —A, + |0, V4|?/4 — AV}, /2 =: Ay, /2 is the
Witten Laplacian in z associated with the potential V3,/2 and that

Ay 1= hTha*aTy !
= —h?’A, +10,V|*/4 — hAV/2

is the semiclassical Witten Laplacian associated with the potential V/2. The
small spectrum of this operator was first studied by Helffer and Sjéstrand in [7],
and we now know (see, for instance, [6], Definition 4.3) that we can construct
an orthonormal family (p;)1<j<n, C C°(RZ) of quasimodes associated with
this operator given by
_VoVGy
Yj = Xj€ 2

where z; is one of the local minima of V' and x; is a cutoff function localizing
around z;. Recall the notation p, from (1.2) and let us now define the families
of functions

gy =@jun  and  g; =S, "g}

for 1 < j < np. These are actually quasimodes for our operators P, and P;:

Lemma 2.3. The family (9?)1§j§n0 is orthonormal, and there exists o > 0
such that for all 1 < j < ng,

Phg) =Op2(e™ 1), Prgl =Opa(e™ 7).
Moreover, Phg? and P;fg? are in S(R??) C D and we have
P Pugy = Opa(e™ %), PyPyg; = Opz(e”h).

Proof. The proof is the same as the one of Lemma 2.4 from [20] since with the
notation (1.13) and Lemma 2.1 we also have Ej = Ker Q.
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One of the key results of this section is that the real part of the perturba-
tion of our operator is bounded from below on a subspace of finite codimension
given by the orthogonal of the quasimodes. In order to state it, recall the nota-
tion (2.1) and denote N, }i the bounded self-adjoint operator

Id + eh(L + L*).

Proposition 2.4. There exists € > 0 and ho > 0 such that for all h €]0, ho] and
u € S(RQd) N (gj)%sjgno, one has
h
Re(N, Pu,u) > Z|lul®
as well as

h
Re(N,, P u,u) > ol |2

Proof. One has for u € S(R?9), using the fact that X is skew-adjoint:
Re(N;:EPu,u) = Re(Pu, N;;Eu)
= Re(Q1u, N, _u) + Re(Xou, Ny _u)
= [1Q1*ull® + heRe(Quu, (L + L*)u) + heRe(Xou, (L + L*)u)
= [|Q}u||® + heRe(Qqu, (L + L*)u) + heRe([L, Xo]u, u)
=1+ hlIl+hII]

Note that if we replace P by P* and Nhfe by N};s, we get I — hIl + hIII.
Besides, it is also proven in [20] that

[L,Xo]=A+A2a"a

where A is also bounded uniformly in h. Since ||Qr|| < C and Qp, > %(1 —1Ij)
according to Lemma 2.1, we get [|Q:] < € and Q. > (1 —1I;). Hence,

I+ hII>1—h|II]
~1/2 X %
> 1@V ul® = he||Quul||(L + L*)u|
~1/2 1 =~1/2 *
QY *ul? — VChzel|Qyull||(L + L*)ul|

Y

Y

L =12
5 1@ ull® = 20h? | L) ]

Y

1
50— T)ull® = 2Che?(| L] u]? (2.2)

We can combine this with the following estimate from [20] (proof of Proposition
2.5): There exists § > 0 such that for u € (gj)fgjgno,

1 ed
HI > —2(1d - Iy Jul* — &2 All[|ull* + ZHHWII2 — ef|(1d — Ty )ul|*.
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This yields for € < T that

5
IA2Z4+CL]?)
1 1)
I BIT+hIIT > |14 = T)ul? + b5 [Mul? = he? (A2 + CILY? ) ull?
h
> 2 lul® (2.3)
so the proof is complete.

This result extends to u € (gj)f'gjgno N Dom (P) since S(R?9) is a core for
both (P,Dom (P)) and (P*,Dom (P*)). It only differs from Proposition 2.5
in [20] by a factor h in the estimate. This comes from the fact that in our
case, Q; = O(h™') and not O(1) (because Q, = O(1) and not O(h)) so we
have to use a perturbation of order h (the operator N;E) to obtain the gain
in [|(1 —II;)ul|? in (2.2). As a consequence, the gain in ||I[u|? from (2.3) is
of order h and not of order 1.

Corollary 2.5. There exists ¢ > 0 and hg > 0 such that for all h €]0, h],
ue DN (g?)f-gjgno and z € C uith Re z < ch?

I(Ph = 2)ull > ch®|lull - and — [I(Py = 2)ull > ch?|[u].

Proof. Recall that N,}_ =1+ O(h). Hence, for u € D N (gjh)fgjgno, we have
by putting v = Spw and using that S}, is unitary

1
1B = 2Yullfull > 5B — 2)ul LV ]
1
> §Re((Ph — 2)u, SNy w)

1
= §Re<N,j:€(hP — z)w, w)

> B )2 = Re | N u)?
= C h,e

h? 9
>
> 2l

if Re z < h?/2C. The same proof holds when replacing P by P* and Nhfe by
N, ..

2.2. Resolvent Estimates and First Localization of the Small Eigenvalues

Using Lemma 2.3, it is clear that for u € Span((g;’)lgjgno) and A €
{Pn, Py, P} Py, P, Py} we have

| Au]|? = O(e™ %) |Jul|%.
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Now, if we denote P the orthogonal projection on Span((g;?)lgjgno), we get
by using Corollary 2.5 that for z € C such that Re z < ch? and u € D

1P — 2)ull® = (P — 2)(1d — P)u+ (Py — 2)Pu?
= [|(Ph — 2)(Id = P)ul|* + [|(Pn — 2)Pul|?
+ 2Re((P, — 2)(Id — P)u, (P, — z)Pu)
> Rt = Pyull® + |2 |[Pul® — O™ #)
+ 2Re((Py, — z)(Id — P)u, (Py, — 2)Pu).

Jul”

The last term equals
2Re|((Id — P)u, Py P,Pu) — z((Id — P)u, PyPu) — zZ{(Id — P)u, P;;]P’uﬁ
= (1+[2))O(e™)|ul*.

Therefore choosing ¢ < ¢, there exists hg > 0 such that for h < hg and z such
that ¢h? < |z| < ch?

e E2h4
1P = 2)ull? = (|22 +0e™)) Jull® = S5l

Once again, the same estimate holds with P; instead of P, and since the
annulus we are working on is invariant by complex conjugation, we also have
. ¢h?
1P = 2)ull > -l

Therefore, we get the following resolvent estimate on the annulus centered in
0 and of radiuses ¢h? and ch?:

(P, —2)7Y = O(h™2) for éh? < |z| < ch?. (2.4)
We can now consider the spectral projection
1
Iy = (z — Pp)"tdz (2.5)

um |z|=ch?

and its range that we denote H. This operator will yield some information on
Spec(P,)NB(0, ch?) and therefore enable us to prove the main statement from
Theorem 1.6.

The main point is that H is of dimension ng. It can be obtained by a
direct adaptation of the proof of Proposition 3.1 from [20]. Hence, Spec(Py) N
B(0, ch?) which is the same as Spec(P|fr) consists of ng eigenvalues (counted
with algebraic multiplicity). Here again, our result slightly differs from the
one in [20] as we do not rule out the possibilities that Py|g contains some
Jordan blocks and that some of its eigenvalues are not real. It only remains
to prove that these are exponentially small with respect to 1/h. We begin by
noticing that thanks to Lemma 2.3, we have (z — Py)g} = zg/ + O(e”#) and
(z — Pfl‘)g? = zg? + O(e™#) from which we easily deduce

o) =g +0(e™ %) and  Ijg! =g} +O(e 7). (2.6)
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In particular, (Hog?)lgjgno is almost orthonormal so for u =3 ujﬂog? cH,
we have

lul® = (1+0(e/™) > fuy .

Jj=1

Therefore, it is enough to prove that P, is exponentially small on (T g;?)lg j<no-
But thanks to the resolvent estimate (2.4), it is easy to see that IIp = O(1)
and since P, and Il commute, we get the desired result.

To complete the proof of Theorem 1.6, it only remains to show the exis-
tence of the resolvent on {Rez < ch?}\B(0,¢h?) as well as the estimate in
O(h™2).

Lemma 2.6. Denote Iy = 1 —IIy. For all u € L*(R?*%), we have
f[ou =w-+r

with w € (g;?)fgjgno andr € Span((g;?)lgjgno) satisfying r = O(e’%)HﬂouH,
Proof. First we take for r the orthogonal projection of Ilou on
Span((g?)lgjgno). Then, we notice that using (2.6), we get

(g9}, Tou) = (g}, Tou) = O(e™ #) [ Toul|
which implies the announced estimate.
Lemma 2.7. For all 7' € Span((g;)1<j<n,), we have N,fgr’ € Dom (P*) =

Dom (P). Moreover, the restrictions to the finite dimensional subspace
Span((g;)1<j<n,) of the operators PN}ZL'E8 and P*Nif_ are all O(1).

Proof. For the first statement, it is sufficient to show that for 1 < j < ng,
the functions Lg; and L*g; are both in Dom (P). But we have in the sense of
distributions

XoLg; = [Xo, L]g; + LXog; (2.7)
and we saw in the proof of Proposition 2.4 that [Xy, L] is a bounded operator
on L?(R*) so it is then clear that XoLg; € L?(R??), i.e., Lg; € Dom (P). The
same goes easily for L*g;. For the second statement, using Lemma 2.3 and the

fact that Q, = O(h™1), it suffices to notice that for 1 < j < ng, (2.7) implies
that XoLg; and XoL*g; are both O(1) as we saw that L and [X, L] are O(1).

Proposition 2.8. Consider P, the restriction of Py, to oD acting on L2 (R24).
Then for all z € C such that Re z < ch?, the resolvent (P, — 2)~! erists and
we have the uniform estimate

(P, —2)"t =0(h72).

Proof. We actually prove that the result of Proposition 2.4 remains true when
replacing the set (gj)f'gjgno N Dom (P) by S; 'TIoD. We will deduce that the

result of Corollary 2.5 also remains true when taking u € IIgD instead of
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(g?)f‘< j<ne M D, which is precisely the statement that we want to prove. Let
u € D, using the notations from Lemma 2.6 we have

Re (PS,, 'Tou, N} .S}, 'Tou)
= Re (PS; 'w, N}tssglw) + Re (PS; 'w, N,;S,jlﬂ
+Re (PS;, 'r, NS, 'w) + Re (PS; ', N _S;'r) .
Now, let us denote w' = S} 'w € (95)1<j<n, N Dom (P) and 7’ = S;troe

Span((gj)lgjgno). We can use Proposition 2.4 as well as Lemmas 2.6 and 2.7
to get

Re (NJEPsglfIOm S, Mlgu) = Re (P, N w')
+Re (w', P*N,f 1") + Re (N, _Pr', w')
+ Re (Pr', N;f r')

h e

> 5lel2 = O(llwl Iy = O(e™ = I|))
> i||s—1ﬂ0u||2.

— 207

As usual, all of the above remains true with P* and N, _ instead of P and

N, ;r . so the proof is now complete.

End of Proof of Theorem 1.6: Let z € C satisfying Rez < ch? and |z| > ¢h?
and recall the notation H = RanIly. We already know from Proposition 2.8
that P, — z is invertible, but it is clearly also the case of P,|g — z since
Pi|g = O(e~®/"). Therefore, Pj, — z is invertible and we have

(P —2)" = (P — 2)" 'y + (Pu|g — 2) "'y, (2.8)

Besides, we easily have for such z that ||(Py|g — 2z)ul > £h?|lu| which com-
bined with (2.8), Proposition 2.8 and the fact that ||IIp|| = O(1) yields the
estimate (P, —2)~! = O(h™2). O

3. Accurate Quasimodes

3.1. General Form

Let us denote

_ Vi(x) n v?

the global potential on R2¢. Before we can construct our quasimodes, we need
to recall the general labeling of the minima which originates from [6] and was
generalized in [11], as well as the topological constructions that go with it. In
our case, it has to be done for the global potential, i.e., the function W. How-
ever, by the definition of W, a strong connection between these constructions
for W and the ones for V' will appear, leading to simplifications. In order to
give a proper statement about this connection, let us construct the labelings
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for both W and V. To this aim, we consider d’ € N* and a smooth Morse
function Y on R? bounded from below, having at least two local minima and
such that |[VY| > 1/C outside of a compact. According to Hypothesis 1.5, one
can, for instance, take Y = V/2 or Y = W and recall that as we discussed
following Hypothesis 1.5, it implies that Y(X) > |X|/C outside of a compact.
We also denote

U*)Y the critical points of Y of index k. (3.1)

For shortness, we will write “CC” instead of “connected component”.

Lemma 3.1. I[f X € UMY | then there exists ro > 0 such that for all0 < r < rg,
X has a connected neighborhood U, in B(X,r) such that U, N{Y < Y(X)}
has exactly 2 CCs.

Proof. Let X € UMY ; according to the Morse lemma, there exists a connected
neighborhood U,. of X, ' > 0 and ¢ : U, — B(0,r') a smooth diffeomorphism
such that

Yop ' =Y(X)+ %(HessXY ).
Besides, it is easy to see that
U.-n{Y <Y(X)} = gp_l({y € B(0,7"); (HessxY y,y) < O})
and {y € B(0,7"); (HessxY y,y) < 0} has exactly 2 CCs.

Lemma 3.2. Let X € RY and suppose there exists rog > 0 such that for every
neighborhood U of X in B(X,rg), the set UN{Y <Y (X)} is not connected.
Then, X € UMY,

Proof. First we clearly have that VY (X) = 0 since otherwise one could use
the implicit function theorem to find a neighborhood U of X in B(X,rq) such
that U N {Y < Y(X)} is connected. It is also clear that X ¢ U(9Y so let us
assume by contradiction that X € U*)-Y with k > 2. Then using the Morse
lemma as in the proof of Lemma 3.1, we would once again get that X has a
neighborhood U in B(X, rg) such that UN{Y < Y (X)} has the same number
of CCs as {y € B(0,7); (HessxY y,y) < 0} which is connected since k > 2.
Hence, X has to be in /(1)-Y

In view of the result from Lemma 3.1 and following the approach from [6,11],
we give the following definition:

Definition 3.3. 1. We say that X € UMY is a separating saddle point and
we denote X € V(DY if for every r > 0 small enough, the two CCs of
U, N{Y <Y(X)} are contained in different CCs of {Y < Y (X)}.
2. We say that o € R is a separating saddle value if o € Y(V(l)’y).
3. Finally, we say that a set £ C R? is critical if there exists o € Y (y-Y)
such that E is a CC of {Y < o} satisfying 0E N V1Y £ ¢,
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Lemma 3.4. Let m, m’ be two distinct local minima of Y. The real number
o =sup{a € R; m and m’ are in two different CCs of {Y < a}}

is well defined, and {Y < o} has at least two CCs & > m and Q' > m'.
Moreover, o is a separating saddle value and 2, Q' are critical.

Proof. We can assume that Y (m) < Y (m’) so taking a := inf 4 Y where A is
a well-chosen annulus centered in m’, we see that

{a € R; m and m’ are in two different CCs of {Y < a}} # 0 (3.2)

and it is then clear that o is well defined. Besides, if (0,,),>1 is an increasing
sequence in the set from (3.2) that converges toward o and 7 : [0,1] — R? is
a continuous path linking m and m’, then

([0, 1) N (RUY < a}) = ()20, 1) 0 (R\Y <o0,})

n>1

is non-empty by compactness so we can consider 3 m and ' > m’ two
different CCs of {Y < o}. To prove that o is a separating saddle value, we
will actually show that there exists a CC of {Y < o} that we denote € which
is not 2 and satisfies Q N O # (). Assume by contradiction that there exists
e > 0 such that (Q + B(0,¢))\Q is included in {Y > o}. In that case, the
points of (2 + B(0,¢))\Q on which Y takes the value o are local minima of Y’
which is a Morse function, so there are finitely many such points. Thus, up to
taking € smaller, we can assume that

I :=dist(-, Q)" ' ({e}) C{VY > o}

Hence, there exists § > 0 such that the minimum of ¥ on I' is o + §. Since
any continuous path linking m and m’ has to cross I', m and m’ are in two
different CCs of {Y < o 4 §/2}. This contradicts the maximality of ¢ and
proves the existence of Q. Hence, Lemma 3.2 implies that O N Q7 € yM:Y
and then QN Q7 C VDY follows obviously from the definition of yy,

Thanks to Lemma 3.4, we know that V)Y =£ ). Let us then denote
o9 > --- > oy where N > 2 is the different separating saddle values of Y
and for convenience we set o1 = +00. We call labeling of the minima of Y any
injection 1 : YUY — [1,N] x N*. If /(m) = (k,j), we denote for shortness
m = my ;. We are going to introduce the usual labeling of the minima for a
potential Y (see, for instance, [6,11,12]). We adopt a slightly unusual point
of view in order to facilitate the establishment of the correspondence between
the constructions for W and the ones for V/2 that we will state later on. For
o € RU{+oc}, let us denote CY the set of all the CCs of {Y < ¢}. Given a
labeling I of the minima, we denote for k € [[1, N]

U = 7Y K] x NY) N {Y < oy}

and we say that the labeling is adapted to the separating saddle values if for all
k € [1, N], each element of [~({k} x N*) is a global minimum of Y restricted
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to some CC of {Y < o1} and the map
T U - (3.3)

sending m € u}go),y on the element of C}T/k to which it belongs is bijective. In

particular, [=({k} x N*) is contained in u}go),y. Such labelings exist, one can,
for instance, easily check that the usual labeling procedure presented in [11] is
adapted to the separating saddle values.

Lemma 3.5. Under an adapted labeling of the minima of Y, for any2 <k < N,
the elements of TY (I"*({k} x N*)) are critical.

Proof. Let my, ; € I7*({k} x N*). There exists a CC of {Y < oj_1} that we
call E which is such that T} (my, ;) C E and E contains some my j € E for
1 <k <k—1and j € N* by bijectivity of T} ,. Therefore, my j; and my
are in the same CC of {Y < o4_1} but are not both in 7} (my ;) this time
by bijectivity of T . Applying Lemma 3.4 to my ;» and my_ ;, we obtain a
separating saddle value ¢ which is the maximal real number such that my ;
and my, ; are in two different CCs of {Y < 6}. Therefore, we get & = oy, so
TY (my ;) is one of the CCs of {Y < &} called Q and Q' in Lemma 3.4 and
which are critical.

Definition 3.6. Recall the notation (3.1) and Definition 3.3. Given an adapted
labeling (myg ;) ;, we can now define the following mappings:
o BV Y0y P(Rd,)
my, ; — T (my )
where T} is the map defined in (3.3).
o iV UOY . p(YY U {s})
given by j¥(m; ;) = s; where s; is a fictive saddle point such that
Y(s1) = 01 = +00, and for 2 < k < N, j¥(my ;) = OEY (my ;) N VY
which is not empty according to Lemma 3.5 and included in {Y = oy }.
o ¥ UODY y(VDY)U {5}
m — Y (j" (m))
where we allow ourselves to identify the set Y (j¥ (m)) and its unique
element in Y (VDY) U {7}
o SV UOY —]0, 4]
m+— oY (m) — Y(m).
Let us now state a lemma that will enable us to show that, roughly

speaking, the previous constructions for Y = V/2 are the projections on R of
the ones for Y = W. First, we give the following easy observation.

Remark 3.7. By definition of W, we have V/2 = W(.,0). Moreover, if
(zo,v0) € {W < o}, then {zo} x B(0,|vo]) C{W < o}.

For shortness, we denote C, = C;//Q and Ci, = CXV as well as U*) = Y(k),V/2
and U®) = Y®W _(We do similarly with V or Uj, instead of U.) Notice that
U® =y *) x {0}. We introduce the natural projection m, : R?¢ — R¢ sending
(x,v) on z that we also consider as a map from P(R??) to P(R%).
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Lemma 3.8. For all 0 € R, the projection m, sends C~U in C,. Moreover, the
map my : Co — Co 18 bijective.

Proof. The proof of the first statement is an easy consequence of Remark
3.7. For the second statement, let 2 € E € C, and denote E the element of
C, containing (x,0). By the first statement, we necessarily have m.(E) = E
so we have shown the surjectivity. Now, let E, E2 € C such that m, (El)
wx(Eg) = Fj. Let also (x1,v1) € FEy and (zg,v9) € F. Since x1, 2o € E4, there
exists a path (y(¢),0) from (z1,0) to (z2,0) contained in {W < o}. Thus, the
concatenation of the paths (x1, (1 —t)v1), (v(t),0) and (x2,tve) yields a path
linking (z1,v1) and (z2,v2) in {W < ¢}. Hence, F; = F, and we get the
injectivity.
Proposition 3.9. 1. We have V) = V) x {0}. In particular, V/2 and W
have the same separating saddle values.
2. A set E € C, is critical if and only if 7,(E) is critical.
3. A labeling ((m,0)x ;)k,; is adapted to W if and only if (my ;)i ; is adapted
to V/2.

Moreover, given an adapted labeling, the mappings from Definition 3.6 satisfy
EY*(my ;) = 7, (B (my3,0)  and 3 (my;,0) ="/2(my;) x {0}.

Proof. Let Ee C~U. Thanks to Remark 3.7, we easily have
(,0) € OE <= x € (m,(E)). (3.4)

(a): We already know that /() = /(1) x {0}. Besides, we easily deduce from
(3.4) and Lemma 3.8 that (s,0) € (1) is in the closure of two distinct CCs of
{W < W(s,0)} if and only if s € (V) is in the closure of two distinct CCs of
{V < V(s)} so the first item is proven.

(b): This is also a straightforward consequence of (3.4) and Lemma 3.8
combined with item a).

(c): Let E € C,,. By Remark 3.7, we easily have

(m, 0) is a global minimum of W|z <= m is a global minimum of V| _ 5.

(3.5)

Besides, since U(O) u}go) x {0}, we have that 7% defined as 7, : Zjl,io) — U,EO)
is bijective. We can then conclude as

TV =7 oT)/?0

(3.6)

where 7, denotes the bijective map from Lemma 3.8.
The last statement is a direct consequence of (3.6), (3.4) and item a).

From now on, we fix a labeling (my, ;)i ; adapted to V.

Definition 3.10. Recall the maps from Definition 3.6. In the rest of the paper,
we set

i=j".



T. Normand Ann. Henri Poincaré

Moreover, in view of Proposition 3.9, we can also set

o(m) =oc"/?(m) = " (m,0) and S(m) = $V/2(m) = SV (m, 0).

However, be careful that we choose to denote E = 7, o EV/? so that the range
of E is in P(R??). Following [2,6,11,12], we can now state our last assumption
that allows us to treat the generic case. As mentioned in the introduction, this
assumption could actually be omitted (see [17] or [1]) but this would introduce
additional difficulties that are not the main concern of this paper.

Hypothesis 3.11. For all m € U®) | we have
(a) m is the only global minimum of V|gv/2 (m)
(b) for any m’ € U\ {m}, the sets j(m) and j(m’) do not intersect.

According to Proposition 3.9 and (3.5), this hypothesis is equivalent to the facts
that (m, 0) is the only global minimum of W|g(m) and j" (m, 0) Nj" (m’, 0) =
() which is what we use in practice.

Recall the notation (1.6) and let us extend our notions of asymptotic
expansions to smooth functions that are not necessarily symbols. Throughout
the paper, for d € N*, @ C R and a € C>°(2) a function depending on
h and such that for all 3 € N we have 8%a = Op~(1), we will denote
a~n Y iso hiaj, where (a;);>0 C C*(£2) are allowed to depend on h, provided
that for all 8 € N and N € N, there exists Cg v such that

N-1
0% a=> Wa < Cynh".
j=0
00,2

It implies in particular that 9%a; = Op(1). We will also say that a € C*°(2)
admits a classical expansion on 2 and we will denote a ~ 37~ hia; if a ~p,
2250 hia; and the (a;) are independent of h. From now on, the letter r will
denote a small universal positive constant whose value may decrease as we
progress in this paper. (One can think of 7 as 1/C.) For = € R%, we denote
Bo(z,7) = B(x,7) x B(0,7) C R2?. We essentially follow the quasimodal
construction from [1]. We will also denote

eni ()
x

where we allowed ourselves to identify the differential operator X and the
vector field representing it.

Let m € U(®\{m}; for each s € j(m) we introduce a function ¢>" that
will appear in our quasimodes. Note that thanks to item b) from Hypothesis
3.11, each £5" corresponds to a unique m € )\ {m}. Our goal will be to find
some functions ¢5* such that our quasimodes are the most accurate possible.
In order to begin the computations that will yield the equations that the
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function ¢5" should satisfy, we will for the moment assume that it satisfies the
following:

(a) £" is a smooth real-valued function on R2? whose support is
contained in By(s, 3r)

(b) ¢%" admits a classical expansion 5" (z,v) ~ Zhjﬁj(z,v) on
By(s, 2r)

(c) €3 vanishes at (s, 0)

(3.7) (d) (s,0) is a local minimum of the function W + (€8)%/2 which is

non-degenerate

(e) the functions O, , (which depends on £*") and ym that we will
introduce in (3.9)—(3.12) are such that 0y, 5, is smooth on a neigh-
borhood of supp xm-

Once we will have found the desired function ¢5", we will see in Proposition 5.2

that these assumptions are actually satisfied. Denote ¢ € C2°(R, [0, 1]) an even
cutoff function supported in [—7,~] that is equal to 1 on [—v/2,v/2] where
v > 0 is a parameter to be fixed later and

Ap = %/RC(s)efgds _ /07 C(s)e~$rds — @(1 + O(e-a/m)
for some a > 0. (3.8)

We now define for each m € U#(9\{m} a function 6, 5, as follows: if (x,v) €
Bo(s,r) N {|¢5"| < 2y} for some s € j(m),

SR (g
Oreai( Ll o) —5%/2hg 39
m, (T, 0) = D) + A, o C(s)e S (3.9)

, whereas we set

Ompr=1 on (E(m)+ B(O,e))\ |_| (Bo(s,r) N {|€S*h| < 27})
s€j(m)

(3.10)
with e(r) > 0 to be fixed later and
Om,n, =0 everywhere else. (3.11)

Note that 6, takes values in [0, 1]. Denote © the CC of {W < o(m)} con-
taining m. The CCs of {W < o(m)} are separated so for € > 0 small enough,
there exists € > 0 such that

min {W(z,v); d((z,v),Q) =} = o(m) + 2¢.

Thus, the distance between {W < o(m)-+£}N(Q+B(0,¢)) and 9(Q+B(0,¢))
is positive and we can consider a cutoff function

Xm € C°(R*,[0,1]) (3.12)
such that
Xm =1on {W < o(m)+e}n (Q+ B(0,¢))
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and
Supp Xm C (Q+ B(0,¢)).

To sum up, we have the following picture:

.
=
=

Om,n given by (3.1)

We also denote
Wm(z,v) = W(z,v) — V(m)/2,
and it is clear that on the support of Vyxm, we have
Wm > S(m) + €.

Our quasimodes will be the L2-renormalizations of the functions

Foan (#,0) = X (2, V)0 p (2, v)e " Vm@/h o e O\ {m}  (3.13)
and for m = m,

fan(z,v) = e Wm@V)/h ¢ Ker P,

Note that these functions belong to C°(IR??) thanks to our assumption on the
(Es’h)sej(m) and that for m # m, we have

SUpp fm,n € E(m) + B(0,&’) (3.14)
where £/ = max(e,r).
3.2. Action of the Operator P},

Let us fix m € 4(\{m}.
We will denote

Wins =W+ Y ((57)2/2 (3.15)
s€j(m)
and
1 —_~
PP (0,0 = / OpWmn(z,v' +t(v —v'))dt. (3.16)
0

Remark 3.12. Using Hypothesis 1.3, it is easy to see that b}Op,(M") =
Oph (gh)7 with
h

g = (=it oM = 2V, — SV MM € My a(82(((0 ) )
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where

d
v, M" = (Z av,cmk,j>
k=1

and 'V, is defined similarly.

1<j<d

Proposition 3.13. Let fm 5 be the quasimode defined in (3.13). With the nota-
tions introduced in (3.8) and (3.15), one has

~—Wm.n

P i m _S(m)
thm,h = §Ah Loymh o= 1jW(m)+BO(072T) 4+ Op2 (hooe R )

h

where w™" is a function bounded uniformly in h and defined on j" (m) +

BO(O? ZT) by
W= S (Hw - VO 1)
s€j(m)

with 15" (x,v) given for (z,v) € 3 (m) + By(0,2r) by the oscillatory integral

/

(27rh)_d /d /‘ ei”‘(“_”l)gh <m, v _; v , N+ il/)m’h(x, v, v'))@vfs’h(:m o) dv'dn.
R J v/ |<2r

Proof. In order to lighten the notations, we will drop some of the exponents
and indexes m, s and h in the proof. By (3.7), we have on the support of x
that 6 is smooth and

A71 S\ 2
V=2 > e OBV s
s€j(m)

Here, we have to put the indicator function because {(¢)V¢ might have some
support in By(s, 3r)\Bo(s, ). We can then begin by computing

Xtf=hHy VY
= hHy - VO xe Vm/" L hHy, - Vy e WVm/h

h 1 _w < < _S(m)+e
= SATXe ST Hy -V Ly + O (he” ).
s€j(m)

(3.17)

since Wy, > S(m) + € on the support of Vx. Now, we can use Remark 3.12 to
write

Qn(f) = hOp,, () ((8u0)xe™V=/" + (8, x)0e~V=/)

S YOm0 L) + O (e )

2
s€j(m)

(3.18)
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since g € S({(v,n))"!) and thus Opj,(g) is bounded uniformly in h. But since
g does not depend on &, we have for s € j(m)

(270) Op, (9) (C(O)xe™ ™ "0, 1y s, ) (2, 0)

. /!
:/ / e%”‘(”—v/)g<x7U+U 777)
Rd ‘U/lgr 2

x x(x,v")¢ (U, v’))efw(x’”/)/hauf(x, v') dv'dn1ps (). (3.19)

Let us now treat separately the cases |v| > 2r and |v| < 2r.

When |v| > 27, we have |v — v'| > r so we can apply the non-stationary
phase to the integral in 1 to get that for all z € B(s,r) and N > 1, there exists
Cn > 0 such that

. . , ! — ’
g (1,2 to )X, )¢ (6, o))e ™ 90w, o) do'dn
R J v |<r 2

S(m)
< C’NhN|v|7Ne7%

where we used item d) from (3.7), the fact that Wiy (s,0) + £3(s,0)/2 = S(m)

and the estimate |v — v’| > |v|/2. Hence, we have shown that

S(m) S(m)

th1{|v|22r}:0(h°°e’ : ) and th1{|v‘22r}:0(h°°e* : )
(3.20)

Now for the case |v| < 2r, let us denote J5(x,v) the RHS of (3.19). Proceeding
—W(z,v')/h

as in [18] in order to take the e in front of the oscillatory integral,

we get that for any € B(s,r),
T3 (z,0) = e W@/ J5 (5 ) (3.21)
where
i . ’ 7 !
J5(z,v) = / / el (77’“/’(“”’”*” ))'(”*” )g<x, L ,n)x(m, v')((@(w, v'))
R v’ |<r 2
aﬂ€($v U/) dU/d?? ]-B(s,r) (iL’)

and v is the function defined in (3.16). For K C {1,...,d} and z € C%, denote
zx = (zj)jex. We also denote for ' e Nand 1 <j <d’

ej = (Or)1<h<a € NY (3.22)

the elements of the canonical basis of C¥. Now, notice that ¢ is a smooth
function and that using the expansion of £ and (3.15), we get on By(s, 2r) X
{lv'] < 2r},

v+

W, v,0) = + /O (€00 t0) (20" + t(v — o'))dt + O(h).

In particular, we can choose r small enough so that |[¢)| < 7 on By(s,2r) x
{|[v'| < 2r}. Besides, since g € S2({(v,n))~!), we have for all K C {1,...,d}



Metastability Results for a Class

and k € {1,...,d}\K that the symbol

+ZZ xvv

jeEK

Me—g |,

has an analytic continuation to {|nx| < 7} for any « € B(s,r), v, v' € B(0,2r)
and n € R%. Hence, one can use the Cauchy formula which combined with the
decay of g yields

,77—&-22 Y(z,v,0"))je; | dny

/e%(nk it ) @)y [ 4
¥ jeK

’
i 7 v4+v
:/ehﬂk(vk U’“)g z,
R

Applying this successively for each component of 7 on the integrals in J§ finally
gives J3 = J5 where

. , /
T = [ [ e Sy i) ) )
Re J |’ |<r 2
Oul(x,v") dv'dn1ps ) (z).
Combined with (3.19) and (3.21), this yields for |v| < 2r
(2h)"0p1 (9) (¢ (X ™™ "0, Ly ) (a0) = =W /M3 (2, 0). - (3.23)

i Y Wu)e; | dg.

JjEKU{k}

Therefore, setting on j' (m) + By (0, 2r)
5= 3 (X Hw - VO 1y + (2nh) U (2,0)),
s€j(m)
we have according to (3.17), (3.18), (3.20) and (3.23)

h 1. _w _ Stm)
th = §Ah 1we W/h].J W (m)+Bo(0,27) + O(hoo )
Hence, it is sufficient to check that on j" (m) + By(0, 2r)
((;)—(.«J)eiﬁ;/h:O(hm S(m)).

This can be done easily using again the non-stationary phase on an h-
independent neighborhood of (s,0) on which x((¢) — 1 vanishes since item
d) from (3.7) implies that e~/ = O(e~(3mM)+9)/1) qutside of this neighbor-
hood for some § > 0.

Remark 3.14. Since P}y = fX{} + Qp, it is clear from the previous proof that

mh  —Wmn S(m)
Py fmn = *A Lomh o7 13w (m)+Bo(0,2r) T+ OL2 (h ek )
with
gt = 37 (= Hw O ),

s€j(m)
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4. Equations on ¢5"

From now on, we also fix s € j(m).
Lemma 4.1. The function w™" admits the classical expansion w™" ~

250 hjw;-“ on By(s,2r) where
Wi = Hy - V6 + M, (x,v,i(g e a,,eg)) (0 + £50,63) - 9,05
and for j > 1,
m S - v S S S S S
W = Hy - VI + My (x vi(5 + 6 aveo)) (0 + 230,63 - D, L5
+ i 05 ("o + 05 1(8uL5)) Dy Mo (2, v,i(v/2 + £50,05) ) (8u63) DL
+ My (x U,i(g + 6 aq,eg))a,,eg XA
+ i ("o + €51 (8,05)) Dy Mo (2,0, i(v/2 + €50,£5) ) (8uL5) Dul5 €5
+RJ( 8""7 ?—1) (31)
where R; : (C*(Bo(s, 2T)))j — C*(By(s,2r)) and D, denotes the partial

differential with respect to the variable 7.

Proof. Once again, we drop some of the exponents and indexes m, s and h
in the proof. Denote Bu.(0,2r) = {v',n € R*; max(|v'],|n|) < 2r}. The first
terms of wy and w; are both easily obtained thanks to the expansion of £
on By(s,2r). Hence, it remains to get an expansion of g(x,v/2 4+ v'/2,n +
1p(x,v,v")) that we will then be able to combine with the stationary phase to
get an expansion of the whole term 15" of w. Let us start with an expansion
of ¢: The expansion of ¢ yields

J
W —v/2 ~ Zhj Zﬁk&,@,k on By(s,2r)

>0 k=0
so using (3.16), we get
P~ Zhjwj on By(s,2r) x {|v'| < 2r}
j=0
where

v+ v

Yoz, v,0") = + /0 (€o0ulo) (z, 0" + t(v —v"))dt (3.2)

and for j > 1,

1J
pi(z,v,0") = / Z (€10l — ) (z, 0" + t(v — v"))dt. (3.3)

0 k=0

Besides, since M" ~ Y - h"M, in Mq(S2({(v,7))"2)), we deduce thanks
to Proposition C.2 and Remark 3.12 that g also has a classical expansion
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g~ u>oh™gn in Mia(S2({(v,m))~")), where the (g,) are given by

t

golw,v,m) = (—i'n+ 5 ) Mo(a,v,) (3.4)

and
t

7)Mo = 50V = VM () (39

gn(z,v,m) = (—i ‘n+ 5

for n > 1. According to Corollary C.6, we have

/
gn <ZL‘, Y + Y 777 + ’ilp(l‘,’l},l],)) ~ Z hjg"yj(wavvvlvn) on BO(572T) X BOO(072T)
2 =0
with

v+

gm0 (@0, 0',m) = go (w0, S0+ it (2, 0,0')) (3.6)

and for j > 1

v+

i (@,0,0)) (85 (2, 0,01)) + By (o, 45-1)

(3.7)

gn,j (.CU, v, U/7 77) = ZDT]gn (I,

where R : (C>=(By(s, QT)))j — C>(By(s,2r)). Using the expansion of g itself
and Proposition C.1, we get

g(m,v_;v,n—&—zwxvv )NhZh"gn( ,77—&-21#(951)1)))

n>0

on By(s,2r) x B (0,2r) so we can use Proposition C.3 which yields

g(x,ﬂ,n—i-zz/)xvv ) ZhJZgn] n(x, 0,0, n) (3.8)

2
3=>0 n=0

on By(s,2r) x Bs(0,2r). Thus, using the expansion (3.8) that we just got,
the one of 9,¢, and the one for an oscillatory integral given by the stationary
phase (see, for instance, [21], Theorem 3.17) as well Proposition C.3, we finally
get

"~ hII; on By(s,2r), (3.9)
Jj=0
where
1
Ij(x’v) = Z "y |(6v’ 0 ) (gnz,n3($7v,v'7U)3v5n4(33’7/)> ,
ni+nz+nz+na=j 1;,:_6)

We can already use (3.6) to deduce the expression of wy by noticing that
according to (3.2), ¥o(z,v,v) = v/2 + LyOyly. For j > 1, the terms of I in
which the function ¢; appears are obviously the one given by n4 = j, but also



T. Normand Ann. Henri Poincaré

the one given by ng = j according to (3.7). Indeed, in that case, we have using
(3.3) that

go,j(z,v,v,0) = il Dygo(z,v,i(v/2 + LedyLo)) (Oul;)
+ iDngO (.Z‘, v, Z(’U/2 + 6081,[0)) (61}60) Ej + R?(go, e 7£j—1)
where R3 : (C‘X’(BO(S,QT)))j — C*°(By(s,2r)). We can now conclude as for
any X € RY,
D, g0 (x, v,i(v/2 4+ Eo&jﬁo)) (X) = —i" X M, (a:, v,i(v/2 4+ éo&,eo))

=+ (t’U =+ EO t(avfo))DnMo (ZZE, v, Z(’U/2 + anvgo)) (X)
according to (3.4).
Denote (my, ,)p.q the entries of the matrix M,, from Hypothesis 1.3. Since we

have for X € R¢
D, M (m, v,i(v/2 + (081,60)) (X) = (anmgwq (x, v,i(v/2 + 608,,&))) . X)

1<p.g<d’
we get by putting
U(z,v) = My (aj,v,i (g + 4y 3U£0)> Oulo
Y (ot todu )ity (w0, (5 + E00ut) ) Dol

1<p,q<d
(3.10)

that equation (3.1) reads

Wi =

0
HW + (Mo (1‘,’0,1'(% + 60 8U50)> (’U + anvéo) + EO U)
N4+ U -0l + Rij(Lo, ... ;1)

Lemma 4.2. Let (x,v) € Bo(s,2r) and [v'| < 2r. For anyn € N, 3 € N¢ and
1 <p,q<d, we have

/!
aImr <x7 1)—;1}72’1#3’(96,7),7)’)) cilfIR

and

/
affgn (az:7 Y —; Y Jw(‘)"(x,v,v’)) e ilPIRY,
In particular, U defined in (3.10) sends By (s, 2r) in R%.

Proof. Since {, vanishes at (s,0), we can suppose that r is such that
o (z,v,v) is in

DO, 1) ={z€C; |z < 7}¢ (3.11)
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n

g We have
:

so by analyticity and using the parity of m

v+,
aﬁmz’q(x, 5 ,zwo(x,v,v’))
oFBmn (g, 2t
— Z i zuqv(" 2 )wo(ﬂ?,%v/)’y c i8R
YENY; ’
[vI+18l€2N

The result for g, follows easily using (3.4) and (3.5).

We also have the following result whose proof is postponed to Appendix 6 as
it involves tedious calculations.

Lemma 4.3. The term R;((5,...,05_1) from Lemma 4.1 is real valued. More-
over, it satisfies R;((5, ..., 05 1) = —Rj(=€5,...,—€5_1).

In view of the results from Proposition 3.13 and Lemma 4.1, we want to find
¢ such that on By(s, 2r),

HW . VEO + MO (LL', U,i (% + 60 &ﬁo)) (’U + g()avgo) . 6v£0 =0 (312)

and for j > 1

VL (3.13)

0
Hw + (MO (0,03 + 0 Dubo) ) (v + £oDuti) + g U)
+ 0l -Ulj+ Rj(ly, ..., Lj—1) =0
where U was introduced in (3.10). Note that Lemmas 4.2 and 4.3 ensure that
the fact that the (¢;),>0 are real valued is compatible with equations (3.13).
4.1. Solving for £
Denote
p(x,v,6,n) =i v —in- 0,V + (—i'n+ "v/2)Mo(z,v,n)(in + v/2)

the principal symbol of the whole operator Py, and p(x, v, &, n) = —p(z, v, i&, in)
its complexification. After computing the Hamiltonian of p which vanishes at
(s,0,0,0), we find that its linearization at this point is the matrix

0 1d 0 0

[ —HesssV 0 0  2My(s,0,0)
0 0 0 HessgV
0 %MO(S,O,O) —Id 0

One can easily check that for any eigenvector (z,v,&,n) of F associated with
an eigenvalue A, the vector (—z,v,&, —n) is an eigenvector associated with
—\ so the spectrum of F' is centrally symmetric with respect to the origin.
Moreover, writing

0 0 Id 0 0 0 0 HessgV'
F_|0 0 0 0 1 Mo(s,0,0) —Id 0

Id 0 0 0 0 1d 0 0

0 Id 0 0 —HesssV 0 0  2My(s,0,0)
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and noticing that
Ff=n=0})n{v=n=0}=Ker F{v=1=0} = {0},

we see that F satisfies the assumptions of Lemma B.1. Therefore, F' has no
eigenvalues in iR so it has 2d eigenvalues (counted with algebraic multiplicity)
in {Rez > 0}, while the 2d others are in {Re z < 0}. Therefore, we can apply
the stable manifold theorem to get that the stable manifolds associated with
Hj given in a neighborhood of (s, 0,0,0) by

A:I: = {(%%fﬂ?) ;t hgl etHﬁ('ra/Ua€7n) = (8707070)}
are both of dimension 2d and for all p+ € AL, we have

Hy(ps) € T, As (3.14)
and for t > 0,

Moreover, we have (see, for instance, [4] Lemmas 3.2 and 3.3) that
p(Ax) = {0} (3.15)

and Ay are Lagrangian manifolds. In order to get some parameterization for
those manifolds, we follow the steps of [10], Lemma 8.1.

eTHrp, —(5,0,0,0)|| < Ce ™ ps — (5.0,0,0)]].

Lemma 4.4. The tangent spaces T(s 0,0,0)A+ that we denote for shortness TsA+
are transverse to both {(s,0)} x R?¢ and R?? x {(0,0)}.

Proof. We provide an adaptation of the proof from [10] as some simplifications
appear in our case. Since we are working in the linearized case, we can assume
that p coincides with its quadratic approximation at (s,0,0,0) and for com-
modity we will work with the variable s = = — s instead of x. Note that if a
is a quadratic form, its Hamiltonian H, is then linear and we denote F the
associated matrix. We then decompose p = p3 + p1 — pg where

1
p2 = Mo(s,0,0)n-n, p1=v-£—Hess;Vzgs-n and py= ZMO(S’O’ 0)v - v.

Tt is clear that pa+pg is positive semidefinite; moreover, the subspace {v =7
0} on which p; + po vanishes satisfies {v =7 =0} N F, ' ({v =n = 0}) = {0}.
Thus, the quadratic form

G = (p2 +po) + (p2 +po) o F,

is positive definite. Let us denote Ly = Ay N {zs = v = 0}. To prove that
L. = {0}, it is sufficient to establish that ¢ = 0 on L. In order to do so, we
will show that L4 is an F), -invariant subspace on which ps + po = 0. Indeed,
it is clear that pgp = p1 = 0 on Ly and thanks to (3.15) we deduce that py also
vanishes on Ly so in particular ps + pg = 0 on L. It also implies that L is
included in {n = 0} so F},|r. = 0. Besides, we clearly have F}, |, = 0 so F},
coincides on Ly with Fj; which leaves Ay invariant according to (3.14). Since
it is easy to see that {zs = v = 0} is also invariant under F}, , we can conclude
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as announced that Ly = {0}. The proof that AL N{& = n = 0} = {0} is
similar.

Since Ay are Lagrangian manifolds such that TsAy are transverse to {(s,0)} x
R24 there exist ¢+ € C*°(By(s, 2r),R) vanishing together with their gradients
at (s,0) and such that

AL = {((sc,v,VqSi(x,v)) i (z,0) € Bo(s,2r)}.

Therefore, TsA+ coincide with the graphs of the matrices Hesss gy¢+ which
are then invertible according to Lemma 4.4. Now we need a result similar to
the one of Proposition 8.2 in [10].

Lemma 4.5. The Hessian matriz of £é+ at (s,0) is definite positive.

Proof. The proof is simply an adaptation of the one found in [10]. Here again,
we will assume that p coincides with its quadratic approximation at (s, 0, 0,0)
and work with the variable 25 = x —s instead of z. For § € [0, 1], let us denote

P =1=8)p+0(E +1° — (2 +07))
= p3 + (1 —8)p1 — p
where
py=(1=08)p2+8(E+n*) and  pg=(1-8)po+ (g + %)
Note in particular that $° = p and that p' = (52 +n? — (22 —|—v2)) corresponds

to the well know Schrédinger case (see, for instance, [4], chapter 3). Besides,
we have that

0 0 Id o 0 0 0 HesssV
0 0 0 1Id 0 1My(s,0,0) —Id 0
Fy = 1— 2 o 261
P d 0 0 o0 (1 -29) 0 Id 0 0 +261d
0 Id 0 o0 —HesssV/ 0 0 2My (s, 0, 0)

so Lemma B.1 easily yields that the eigenvalues of F;s cannot cross iR for some
§ € (0, 1]. Moreover, it is clear that for § € (0, 1], the quadratic form p$ + pJ is
positive definite, so the results of Lemma 4.4 are true for the 2d-dimensional
Lagrangian planes

AL = {(@s,0.8.m) P Jim e (2,0, €)= 0}

for all § € [0,1]. In particular, there exist ¢%. € C*°(By(s, 2r), R) such that

ToAS = A8 = {(xs,v,Hess(svo)qsi (ai)ﬁ")) i (zs,v) € RQd}.

Hence, the graph of Hess(s,o)qﬁft is given by TSA‘jE which also corresponds to
the sum of the generalized eigenspaces of Fjs associated with eigenvalues in
{£Re z < 0} and therefore depends continuously on §. Besides, by Lemma 4.4,
Hess (s 0)¢%. is invertible for all § € [0,1] and we know from the Schrodinger
case that iHess(s,o)qbli > 0 so necessarily +Hess s g)¢+ > 0.

At this point, one can proceed as in [1], Lemma 3.2 to establish the following
lemma.
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Lemma 4.6. There exists {5 € C™(Bo(s,2r),R) such that for (z,v) €
By(s,2r),

0 (z,v)?

-

In particular, €5 vanishes at (s,0). Moreover, {£5 # 0} is dense in By(s,2r).

¢+(CL',U) = W(x,v) - W(S»O) +

This function also appears to solve (3.12) as we see in the next proposition.
Proposition 4.7. The function £ from Lemma 4.6 is a solution of (3.12) in

By (s, 2r). Moreover, the vector V{§(s,0) that we denote v® = (Zé) is not 0
2

and satisfies 3% = ( — My(s,0,0)v5 - VS) Vs, where
5 — 0 —HessgV

Id  My(s,0,0))°

In particular, since ®° is invertible, v5 # 0. Finally,

s\ 2
det (HGSS(S,O) (W + (E;))) = 2_2d} det(HessSV)’.

Proof. The proof is the same as in [1], Lemma 3.3 after matching the notations
by setting A(s) = ®%, b° = Hyy,

AO(S):(g Mo(sO,O,O)) and B(S):(Heosssv 151)'

In particular, it is by a Taylor expansion at (s,0) in (3.12) that we get

z—s) | (0 —HesssV'\ o 0 e sl
( v ) |:<Id 0 >V +<M0(S,0,0)1/§>+M0(S’070)V2 vov =0

from which we deduce that v® is an eigenvector of ®° associated with the
eigenvalue —My(s, 0,0)v5 - v5.

4.2. Solving for (Z;)J.Zl

Once again we drop some exponents s for shortness. Now that £y is given by
Lemma 4.6 and Proposition 4.7, we can solve the transport equations (3.13)

by induction, so we suppose that £y, ...,¢;_; are given and we want to find a
solution ¢; to (3.13). Denote

~ 0
U=Hy + (Mo(x,v,i(; 'l 5v£0))(v+€08v£0) ' U) € C>=(By(s,2r))
and

a = 0yl - U € C=(By(s,2r))

where U was introduced in (3.10). The function ¢; must satisfy (U-v +a)l; =

—R;({o,...,Lj_1) so we are interested in the operator £ = U -V + « that we
decompose as £ = L§ + L~ with

cazﬁs(xvs)vwz
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where ﬁS is the differential of U at (s,0) and af = a(s,0), that is

. 0 Id
Us = < HesssV + 2M(s,0,0)v5 w5 My(s,0,0)(Id + 205 ¢ u2)>
and
= My(s, 0,005 - 5. (3.16)

As usual, we will often omit the exponents s in the notations. Notice that
if we denote P}, the space of homogeneous polynomials of degree n in the
variables (z —s,v), we have Lo € Z(P},,,) and for P € Py Lo P(x,v) =
O((z — s,v)"") near (s,0).

Lemma 4.8. The negative eigenvalue —of of the matriz ®° from Proposition
4.7 is its only one (counting multiplicity) in {Rez < 0}. Moreover, all the
eigenvalues of US have positive real part and the operator Lf is invertible on

n
7)hom .

Proof. Tt is sufficient to prove the first statement. Indeed, if —aq is the only
eigenvalue of ® in {Rez < 0}, we can then remark that

0 %1% tI/QMO(S,0,0)
0 Vg tVQMO(S7O,O)

and since the last term has its range included in Cv and sends v on 2¢qgyv, the
matrix of tﬁo in a basis (v, ba,...,beq) in which ® becomes triangular is also
triangular and has on its dlagonal the eigenvalues of ¢ except for —ap which
is replaced by +aq. Hence, Spec(Up) = Spec(*Uy) C {Rez > 0} and we can
conclude thanks to Lemma A.1 from [1]. Let us then prove that —ay is the
only eigenvalue (counting multiplicity) of ® in {Rez < 0}. We proceed as in
[1], Lemma 2.6. For ¢ € [0, 1], consider the matrix

1-)d —11d

t1d tMy(s,0,0) + (1 —¢)Id
which trivially satisfies the assumptions of Lemma B.1 for ¢ € [0,1). It is
also the case of ®; as ®1(z,0) = (0,z). Hence for every ¢t € [0,1], ®; has no

eigenvalues in R and since these eigenvalues depend continuously on ¢, we get
that

tﬁ0:¢>+2<

®, = 2Hess W ((

#(Spec ®; N{Rez < 0}) = #(Spec o N {Rez < 0}).

But &y = 2HesssW has exactly one negative eigenvalue (with multiplicity),
while all the others are positive since s € U1, so we have indeed showed that
—ay is the only eigenvalue of ® = ®; (counting multiplicity) in {Rez < 0}.

One can then proceed as in [1], Section 3.3 (see also [4], chapter 3), i.e., use
Lemma 4.8 to find an approximate solution of (3.13) using formal power series
and then refine it into an actual solution using again Lemma 4.8 as well as the
characteristic method. We then get the following result.

Proposition 4.9. For all j > 1, there exists {5 € C*°(By(s, 2r)) solving (3.13).
Moreover, 5 is real valued in view of Lemmas 4.2 and 4.3.
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5. Computation of the Small Eigenvalues

Now that we have found (¢;);>0 C C*(By(s,2r),R) solving (3.12) and (3.13)
with ¢y vanishing at (s,0), we can use a Borel procedure to construct ¢ €
C>(R24,R) supported in By(s,3r) and satisfying £ ~ >_j>0l; on Bo(s,2r).

Remark 5.1. The properties a)-c) from (3.7) are satisfied by both the functions
5" and —¢>". Moreover, by Lemma 4.3, (—(3);>0 also solve (3.12) and (3.13).

We are now in position to prove that all the properties from (3.7) are satisfied.

Proposition 5.2. We can choose the signs of the functions (Es’h)j(m) such that

(3.7) holds true and the coefficients from the classical expansion of {5" solve
(3.12) and (3.13).

Proof. Recall that by item b) from Hypothesis 3.11, each function ¢5" corre-
sponds to a unique m € U\ {m}. Thanks to Lemmas 4.5 and 4.6, it is clear
that item d) from (3.7) is satisfied by both ¢5" and —¢%". Hence according to
Remark 5.1, it is sufficient to prove that the signs of (ésvh)j(m) can be chosen
o that O ;, is smooth on a neighborhood of supp xm. From (3.9), (3.10) and
(3.11) we see that the only parts on which it is not clear that 6, 5, is smooth
are

F = I_I ({V(S)\SZW}HGBO(S,T)), = I_l (BO(S,T)0{|ES|=27})

s€j(m) s€j(m)

and Fj = a(E(m) + B(O,s))\( || (Bo(s.r)n{l] < 27})).
s€j(m)
Here, the unions are disjoint for r small enough. Let s € j(m) and (z,v) €

By (s, 7)\{(s,0)} such that £3(x,v) = 0. Using Lemma 4.6, we see that if r >0
is small enough,

W(x,v) —W(s,0) = ¢4 (z,v) >0 (3.1)

because (s,0) is a non-degenerate local minimum of ¢. Hence, {£§ = 0} N
By(s,7) C {W > o(m)}. Now, assume by contradiction that for any r > 0,
the function ¢§ takes both positive and negative values on E(m) N By(s, ).
Then according to Lemma 3.1, the two CCs of U, N {W < o(m)} are both
included in E(m) (the one on which ¢§ > 0 and the one where £ < 0). This
is a contradiction with the fact that s € V(). Therefore, £ has a sign on
E(m) N By(s,r) and we can choose it so that ¢§ is a positive function on
E(m) N By(s,r). By uniform continuity, we can then choose () > 0 small
enough so that

((E(m) + B(0,¢)) OBO(s,r)) c{65> -4} (3.2)

Similarly, if we denote g the other CC of {WW < o (m)} which contains (s, 0)
on its boundary, we have since (s,0) is not a critical point of ¢ that this
function is negative on Qs N By(s, ) and

((QS + B(0,2)) N Bo(s, 7‘)) c {65 <) (3.3)
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Choosing once again e(r) small enough, we can even assume that

(E(m) T B(0,¢) N Qs + B0, g)) C Bo(s, 7). (3.4)

We first prove that F; does not meet the support of xm,. Recall that €2 denotes
the CC of {W < o(m)} containing m. For s € j(m), we can deduce from (3.1)
that if (x,v) € 0By(s,r) such that £5(x,v) = 0, then (z,v) ¢ Q. Hence, |£5]
must attain a positive minimum on 0By(s, ) N €, so we can choose y(r) > 0
such that dBg(s, ) N {|€§] < 27} does not intersect Q. It follows that we can
choose &(7y) > 0 such that

Fi € (R*N\Q+ B(0,¢)) € (R*\supp xrm)-
Now, we show that 0, j is smooth on Fr N (2 4+ B(0,¢)): Let s € j(m) and

(z,v) € Bo(s,r) N{€§ =27} N (Q + B(0,¢)). According to (3.3) and the fact
that 5" = ¢5 + O(h), there exists a small ball B centered in (x,v) such that

BcC (Bo(s,r) N {" >4} N (E(m) + B(o,g))).

Thus, Omp = 1 on B and Oy, is smooth at (z,v). Similarly, for (z,v) €
Bo(s,7) N {£>" = —24} N (2 + B(0,¢)), we can show that fyp, = 0 in a
neighborhood of (z,v).

It only remains to prove that, as for Fj, the set F3 does not meet the
support of xm. First we remark that thanks to (3.2), we can forget the absolute
value in the definition of Fj:

Py = a(E(m) + B(O,s))\( || (Bo(s,r)n {65 < 27})).
j(m)
If (x,v) € F3 N By(s,r), we have that £§(x,v) > 2v so using (3.3), we see
that (x,v) is outside s + B(0,¢). Since it is not in (F(m) + B(0,¢)) either,
it is outside Q 4+ B(0,&) which contains the support of xm. Now, if (z,v) €
F5\(j% (m) + Bo(0, 7)), (3.4) implies that (z,v) is outside Ujm) (s + B(0,¢))
so it is also outside 2 4+ B(0,¢) for € small enough and the proof is complete.

Lemma 5.3. Let m € U®\{m} and denote fm’h = fon/ |l fra,he
was defined in (3.13). With the notation (3.16), we have that

7 3 o sem det(Hessy V)12 -
(Pufone Fon) = 2 5 S, ) ¢ e

with Bh(m) admitting a classical expansion whose first term equals

Z | det(Hesss V)| =2 af.
s€j(m)

| where fm,n

Proof. Since X} is a skew-adjoint differential operator and fum, 5, is real valued,
we have

<X(§lfm,h7 fm,h> =0.
Besides, we know from (3.18) that
b fen = h(9,0)xe™Wm/P 4 O pa (B Sm)/h) (3.5)
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so we easily deduce from the fact that (8U0)Xe*Wm/h = Op2(e” )/h) and
the boundedness of Opy, (M") that
(Qnfm,hs fran) =h < M") (8,0 m/h)7 (ave)xe—Wm/h>

+O( m)

Since we have with the notation (3.15)

- A_l 7~ S S
(0u8)xe™ "/t = ZhoemWm/ly S T ((0)00° Ly s.r)
s€j(m)
and using (3.23) with M instead of g, we get that
(P fm) = o257 5 [ e e () (0,0) - 90 (2, 0)
s€j(m) Y Bo(s:)
+0(h=e2). (3.6)

where

I(z,v) = (2mh)~ /]R{d/,|< R =)y (2,0 ¢ (63 (2,0))

M (m, vihv
Mimicking the proof of Proposition C.5, one can show that ((¢) admits a
classical expansion whose first term is ((¢p). Besides, since M and 1 also have
a classical expansion, we could use the stationary phase (see, for instance, [21],
Theorem 3.17) as well Proposition C.3 to ‘get an expansion of I similar to the
one obtained in (3.9). Thus, we get that I - 9,0 ~ > k>0 h*a;, where

ao(z,v) = x(,0)¢ (o, v)) Mo (x v, (5 A aveo)) Bulo(z,v) - Dylo(, v).

Hence, using the fact that on By(s,r),

N+ p(z,v,v ))61,5 (x,0") do'dn.

—~ 2 2 2

it is clear that

(25 m)/n / 2V @Ry (1) (2, 0) - Dol d(x,0) ~on
Bo(s,r)

hk/ e_2Wm<z,v>+48’<lz,v>/2—5<m>e_<e2—e§’><z,v>xc(@ak dz.v).  (37)
k>0 Bo(s,r)

We would like to apply Proposition C.7 so we need to check that the assump-
tions are satisfied. First, Hess g)(Wm + ¢2/2) is definite positive by Lemma
4.5. Besides, h™1(¢* — £3) admits a classical expansion whose first term is
2(£14p). Therefore, using the expansion of ((¢) as well as Proposition C.5, one
easily gets that the function

(2-ed)

T (o)
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admits a classical expansion whose first term is e ~2(¢1¢0) (C 060). Thus, accord-
ing to Propositions C.7 and 4.7, there exists (b ;) such that

det(HesssV)[1/2 Win(2,0)+63(2,0)/2=S(m) _ (£2—63)(a,v)
= [ e e R e
(27T ) Bo(s,r)

~ > Wb
Jj=0

where by o = ai (s, 0). Hence, using (3.6), (3.7) and Proposition C.3, we deduce
that

A7 (2m)~h 2SO fo s fenn) ~ D W (3.8)
k>0
with
co = Z | det(HesssV)|~1/2Mo(s, 0,0)r5 - v§ = Z | det(Hesss V)| ™12 af.
s€j(m) s€j(m)

Similarly, thanks to item (a) from Hypothesis 3.11, one can use Proposition
C.7 as we already did to see that there exists (éx)r>0 such that

det(Hess, V)1/? _
WHfm,th ~ Z h* e (3.9)
k>0

with & = 1. The conclusion follows from (3.8), (3.8) and (3.9).

Lemma 5.4. Let m € UO\{m}. Using the notations from Lemma 5.3, we have

(i) |1PnfonlI? = O(h(Ph fun s fen,n)
(ii) [P fonnll* = O(h(Ph frop, Fran))-

Proof. To prove i), first remark that thanks to (3.17)—(3.20) we have

/ Pfma(z0)Pd(a.0) = 0(n=e ). (3.10)
R24\(jW (m)+Bo(0,2r))

Besides, we saw that thanks to Proposition C.7 and Lemma 4.5, we have for

s € j(m),
/ e_QW(Z’U) d(z,v) = O(hde_QS(iT)>.
By (s,2r)

Moreover, the function w from Proposition 3.13 is Opec(p,(s,2r))(h™) by

Lemma 4.1 and the construction of the (Es’h)sej(m). Hence, by Proposition
3.13,

_9S(m

/ Ithm,h(x,v)lzd(x,v)=O(h°°e z ) (3.11)
By (s,2r)

The conclusion follows from (3.10), (3.11) as well as (3.9) and Lemma 5.3.
The proof of ii) can be obtained similarly with the use of Proposition C.7 and

Remark 3.14 after noticing that & also admits a classical expansion whose first
term vanishes on j" (m).
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From now on, we denote
A = (Prfons foosn) = (Qn fns fron) (3.12)

for which we computed a classical expansion in Lemma 5.3.

Lemma 5.5. For m and m’ two distinct elements of U, we have

() (Phfan, fenr ) = o(hoo,/xm,hxm,,h)

(ii) There exists ¢ > 0 such that (fun, fanr.n) = O(e™/")

Proof. (i): The result is obvious when one of the two minima is m. Recall

the labeling of the minima that we introduced right before Hypothesis 3.11 as
well as the map 7, from Lemma 3.8. Let us first suppose that m = m;, ; and
m’ =my ;» with j # 7 and k # 1 and denote £ = E(m) and E' = E(m’). In
particular o(m) = o(m’). Thanks to (3.14) and the fact that P, is local in x,
we have

supp thm,h - (ﬂ'z(E) X Rg) + B(0,¢) and supp fmgh - (E/ + B(0, &:'))

so up to taking ¢’ small enough, it is sufficient to show that m,(E) x R¢ and
E’ do not intersect. Since our labeling is adapted, E and E’ are two distinct
CCs of {W < o(m)} so by Lemma 3.8, m,(E) x R% and E’ are two disjoint
open sets. Thus, using successively Remark 3.7 and (3.4), we get

T(E) x RINTE = (a(m(E)) x Rg) noE'
C (0. (B)) x {0}) N O
C (0(m(B)) N O(ma(EN) ) x {0},

which is empty thanks to Lemma 3.2 and item b) from Hypothesis 3.11.

Let us now treat the case m = my ; and m’ = my/ ;- with k, k" > 2 and
k # k’. We can suppose that £ < k' (i.e., o(m) > o(m’)) because we can
work with P instead of P, if needed. We decompose P fm,h as in (3.17) and
(3.18) and once again we use (3.14) to get

o(m) + o(m’)
)

as well as the fact that P} is local in = to get a localization of the support of
the first term from (3.18):

supp (O (9) ((9um)xme ™"/} € ((i(m) + B(0,7)) x RY)

supp fm’,h - (EI +B(O,€/)) - {W <

o(m) + o(m’)
)
as W increases with the norm of v. Hence, the support of the first term from
(3.18) does not meet the one of fm 4. The same goes easily for the first term
of (3.17). For the second term of (3.17), its support is contained in the support
of Vxm which is itself contained in {W > o(m) + £} so it clearly does not
meet the support of fm/,h. It only remains to treat the second term from
(3.18), i.e., Op,(9) (0m (O xm)e™Vm/"). To this aim, notice that (3.5) yields

g{W>
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bnfmrn = Ope (e*S(m')/h) and since by the support properties of Vy, we
also have O (0yxm)e™ Vm/h = Op2(h®e=5(™)/1) e get using the Cauchy—
Schwarz inequality and the boundedness of Op,, (M)

(OP1(9) (B (@uxm)e™"™ ™), frnr ) = (O (M) (B (Duxam)e ™™™/, bn fow 1)
_ O(h“’e* S(m)+5(m >>

which proves the first item.
(ii): Here, we can suppose that V(m) > V(m'). Let us first treat the case
where V(m) = V(m’). Then according to item a) from Hypothesis 3.11, F
and E’ are two disjoint open sets. Hence, as we saw earlier, Lemma 3.2 and
item b) from Hypothesis 3.11 imply that £ N E’ = (. The conclusion then
follows from (3.14).

If V(m) > V(m’), then item a) from Hypothesis 3.11 implies that (m, 0)
is the only global minimum of Wz p( ). Therefore using (3.14), we can
easily compute

2V -V (m)—V(m')4v?
- 2h

<fm,ha fm’,h> = / OmOm’ Xm Xm’e d(xa U)
B+B(0,")

_0 (e* V(m)—V (m’) ) .
The conclusion immediately follows from (3.9).
Let us consider once again the spectral projection introduced in (2.5). We saw
in particular that ITy = O(1).
Lemma 5.6. For any m € U, we have
10 =110} el = O(h™\Ama)  and (1 =) el = O(h™/*\Aum).

Proof. We simply recall the proof from [12]: We write
- 1 B -
(l_HO)fm,h:T (z7' = (2= Pp)7") fmndz
T J)z|=ch?
1 B B _
= T z 1(2’ — Ph) 1thm7hdz.
(x |z|=ch?
We can then conclude using Lemma 5.4 and the resolvent estimate from The-
orem 1.6. The proof for the adjoint is almost identical.

Lemma 5.7. The family (H()fm,h)mgu(ﬂ) is almost orthonormal: There exists
c > 0 such that

<H0fm’h7 HOfm/,h> = 5m,m’ + O(eic/h).

In particular, it is a basis of the space H = RanIly introduced in (2.5).
Moreover, we have

(PuTTo fon iy o fan’ 1) = Ormon Aem i + O(hoo S\m,hS\m’,h)~

Proof. The proof is the same as the one of Proposition 4.10 in [12].
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Let us re-label the local minima my, ..., my,, so that (S(m;)); =1, n, is non-
increasing in j. For shortness, we will now denote

fj = fmj7h and S\j = S\mj,h

which still depend on h. Note in particular that according to Lemma 5.3,
Aj = O(\) whenever 1 < j < k < ng. We also denote (i) j=1....n, the orthog-
onalization by the Gram—Schmidt procedure of the family (Il fj ) j=1,...,no and

.....

U .

;]
In this setting and with our previous results, we get the following (see [12],
Proposition 4.12 for a proof).

Uj =

Lemma 5.8. For all 1 < j, k < ng, it holds

(Pouj,up) = 610 + O(hMM).

In order to compute the small eigenvalues of Ph, let us now consider the restric-
tion Py|g : H — H. We denote U; = Upny—jt1, )\ = /\n0 j+1 and M the matrix

of Py|g in the orthonormal basis (4, .. ., tn,)- SIDCG Uny = U = fl, we have
_ (M 0 ;. I
M= ( 0 O) where M = (<Phuj7uk>)1§j,kgn071

and it is sufficient to study the spectrum of M’. We will also denote {Sl <

- < 8,} the set {S(m;); 2 < j < np}and for 1 <k < p, Ey the subspace of
L2(R?%) generated by {i, ; S(m,) = S;}. Finally, we set w = e~ (Sk=Sk-1)/h
for 2 < k < pande¢j(w) = Hi:z W = e~ (8i=S0/h for 9 < j < p (with the
convention €1 (w) = 1).

Proposition 5.9. There exists a diagonal matriz M;fé admitting a classical
expansion whose first term is

M} = diag Z

Sej(mnofj#»l

det(Hessm,,,_;,,V) 1/2
27| det(HesssV)|1/2

ag; 1<j<ng—1

such that
h LS/ M = Q) (M + O(h™)) ()
where Q(w) = diag(e1(w@)ldg,,...,ep(@)ldg, ).

Remark 5.10. In the words of Definition 6.7 from [1], the last Proposition
implies that h=1e?51/" M’ is a classical graded symmetric matrix.

Proof. According to Lemma 5.8, we can decompose M’ = M) + M}, with

M =diag(\;; 1< j <ng—1) and My = (O (hoo\/jka))lgj,kSnofl'
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We will take M = h=1e25/hQ(ww) "' M Q(w) ! which is clearly diagonal,
so we just need to check that it has the proper classical expansion and that
h=1e?%1/h 0 (@) "I MLQ(w) ™! = O(h™). Tt is easy to compute

h_1e2gl/hQ(w)_lM'19(w)_l = h_ldiag(ezgj’/hj\j; 1<j<ng— 1)
where 1 < j' < p is such that Sj/ = S(my,—;j+1). Hence, Lemma 5.3 yields

h1e251/M 0 () T M (@) ! = diag

det(HessmnOﬂ.HV)l/2 N )
o Bp(my,_j11);1<j<ng—1

where Bp(m,,—j+1) was introduced in Lemma 5.3 and admits a classical
expansion whose first term is

Z | det(HesssV)|~Y2 o

s€j(mpy—j+1)

so M if has the desired expansion. Similarly, still using Lemma 5.3, one easily
gets

0w) M) = (0= hhey (@) e @) ))

where 1 < j° < p and 1 < k' < p are such that \/;J'Ej/(W)_l and
\/Egk:(w)_l are both O(\/ﬁe_gl/h) so the proof is complete.

Proof of Theorem 1.8. According to Remark 5.10, it now suffices to combine
the result of Proposition 5.9 with Theorem 4 from [1] which gives a description
of the spectrum of classical graded almost symmetric matrices. Indeed, using
the notations from this reference, we have for 1 < j < p that

T oR; (M +0(h=)) = T o Ry (M) + O(h™)

and the result comes easily since M ;f is diagonal. Therefore, we have actually

proved that Bj,(m) from Theorem 1.8 and Bj,(m) from Lemma 5.3 have the
same classical expansion.

6. Return to Equilibrium and Metastability

The goal of this section is to prove Corollaries 1.10 and 1.11. We assume
that the hypotheses of Theorem 1.8 are satisfied and we choose m* among
the elements of 4/(Y\{m} for which S is maximal such that the expansion of
det(Hessm-V)/2By,(m*) is minimal. According to Lemma 5.3 and Theorem
1.8, one can think of Ay« 5 as the nonzero eigenvalue of P}, with the smallest
real part modulo O(hme’QS(m*)/h). We will denote P; the orthogonal projec-
tion on Ker P}, and for shortness A* instead of Ap« p.
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Proof of Corollary 1.10. We follow the proof of Theorem 1.11 in [12]. We have
that

e7tF /0 _ By | < [le=tPh/PTT — Py + fletPh/R(1 — TIo)|.

and thanks to Proposition 2.8 and Proposition 2.1 from [8], we easily get
eftPh/h(l _ HO) — O(efcht).
Thus, it suffices for the first statement to prove that

He—tPh/hHO —Py| < CNe—ReA*(l—CNhN)t/h.

We recall that thanks to the resolvent estimates from Theorem 1.6, IIy = O(1)
and since Py is an orthogonal projection on Ker P, we have that

e_tPh/hHO — Pl = e_tPh/h(Ho — Pl)
and (ITy — ;) = O(1). Therefore, it is sufficient to prove that

||eitph/h|Ran(Ho—IP’1) | < Cye ReX (1=Cnh¥)t/h, (3.1)

Besides, we saw in Sect. 2 that Ker P, = CM}, where M), was defined in (1.2)
and since the operator Il from (2.5) satisfies IIj M}, = M,,, we get that Mj-
is invariant under Iy so Ran(Ilp — P1) = H N M;-. Thus, with the notations
from Proposition 5.9 and according to (3.1), it only remains to show that

He—t/\/t’/h || < CNe—Re /\*(I—CNhN)t/h.

This can be done following the steps of [12], proof of Theorem 1.11 as with
the notation (3.12) we have Re A\* < A+ (1 + CnhN). The only difference is
that here we have to apply the resolvent estimates given by Theorem 4 from
[1] instead of the ones given by Theorem A.4 from [12]. For the last statement,
we now assume that for m € U©\{m*}, the expansion of \(m, h) given by
Theorem 1.8 differs from the one of A* = A(m™*, h). In that case, it is clear
that \* is a simple eigenvalue but it also happens to be a real one. Indeed,
using the fact that X/ and b, are differential operators with real coefficients
and that M" is real valued and even in the variable 1, we get that A is an
eigenvalue of P, if and only if A is an eigenvalue of P,. The rest of the proof
is then also similar to the end of the proof of Theorem 1.11 from [12]. O

Finally, the proof of Corollary 1.11 is a straightforward adaptation of the one
of Corollary 1.6 from [1]. (Note that our notations ¢,  and ¢; differ from that
in [1].)



Metastability Results for a Class

Acknowledgements

The author is grateful to Laurent Michel for his advice through this work
and especially for his suggestions in the proof of Lemma 1.4, as well as Jean-
Frangois Bony for helpful discussions. This work is supported by the ANR
project QuAMProcs 19-CE40-0010-01.

Publisher’s Note Springer Nature remains neutral with regard to jurisdic-
tional claims in published maps and institutional affiliations.

Springer Nature or its licensor (e.g. a society or other partner) holds exclusive
rights to this article under a publishing agreement with the author(s) or other
rightsholder(s); author self-archiving of the accepted manuscript version of
this article is solely governed by the terms of such publishing agreement and
applicable law.

Appendix A: Proof of Lemma 1.4

Let us begin by showing that there exists a self-adjoint operator A such that
o(Hp) = by 0o Aoby,. (A1)

Since p(0) = 0, there exists an analytic function ¢ such that o(z) = 24(z)
and [3(z)| < C(z)7!. Using Cauchy’s formula, one easily gets that for all
z0 € {Rez > —55} and f an analytic function on {Rez > —%} satisfying
f(z) = O((2)=) for some 8 > 0, we have that

-1 B
fGo) = 5ir | F(2)(z0 — ) de. (A2)
T J{Rez=—5%
2C
Working with a Hilbert basis of eigenfunctions of Hy, this identity yields
-1 B
f(Hp) = 2—/ f(2)(Hy — 2)"tdz. (A.3)
20 {Rez=—5%
2C
Besides, denoting
b,
bh = )
b

we have by, Hy = (bleo)lgjgd and using the identity bleo = b,*lbhbfl + hb{l, we
get b, Hy = H1b;, where
Hy+h
H, = . (A.4)
Ho+h

In particular, if u is an eigenfunction of Hy associated with a positive eigen-
value, the function bju is an eigenfunction of H; associated with the same
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eigenvalue and therefore
Ho(Hy —2)" ' = bj,(Hy — 2) " bp. (A.5)
It follows using (A.3) with f = g that (A.1) holds with A = g(Ho + h) ® Id:
o(Ho) = Hoo(Hp) = b}, 0 9(Hy + h) @ Id o by,.

We can improve the integrability in the integral representation of g(Hy + h)
by writing

v 0(z) 0(2) =0 | 000
Q(Z)_1+z+ 1+ 2 +1+z

which yields always thanks to (A.3)

~ -1 0(2) -1
H, h Id=— H, — d
0(Ho+h)® 207 Jipooe 1) 1+z( 1—2) dz

-1 0(2) — 0o

J— _ -1 -1
% {Rez:- . 1 Ty (H1 Z) dZ + Qoo(Hl + 1) .

2C

(A.6)

Besides, it is well known (see, for instance, [4]) that the resolvent (H; — z)~*
is a pseudo-differential operator and we denote its symbol R, (v, 7). Thanks to
[3], we even have the explicit expression R, (v,n) = G,(v?/2 + 2n?)Id where
G, is an entire function defined by

1
G () = 2h*1/ (1= )~ (1 4 5)F H4-26~ i
h—10
= 2/ (1 —ho)" 7 (14 ho)rt12e7"dg.
0

Let us then set in view of (A.6)

-1 0 -1
M"(v,n) = — / oz) R.(v,n)dz + —
2im {Rez=— 5L} 1+2 2im {Re z=— 51
Z) = Ooco
%Rz(un)dz + 0o R—1(v,m) (A7)

and we now want to show that M" is a matrix of symbols matching the
properties listed in Hypothesis 1.3. To this purpose, we need to study more
carefully the function R, for z fixed such that Rez < —1/2C. We already saw
that it is analytic in both variables v and 1. Now, if we take (v,7) € R? x ¥,
and put pu = v2/2 + 2n?, we get that u belongs to the sector

D, ={p € C; [Imp| < Repu + 4d7?}.



Metastability Results for a Class

One can then easily adapt Theorem 10 from [3] to show that for n € N and
w € D, we have

h— 1
|3"G ( | < C/ 1 _ ha—) Rez/h( +hU)Rez/h —Re;to-da_

< 0/ 7(Rc;¢72Rcz)adO_ < C’n<u>7("+1) (AS)

since Re i —2Re z > 0 for 7 small enough. From (A.8) we can already conclude
that M" € My(S2({(v,n))~2)). Thus, 6(Ho + h) ® Id = Op, (M") with M"
sending R2? in M4(R) as Hj is self-adjoint. Moreover, since R, is diagonal
and even in the variable 7, it is also the case of M". It only remains to prove
that M" satisfies items b) and d) from Hypothesis 1.3. In order to avoid some
tedious computations, instead of proving the whole expansion from item b), we
only show that M" admits a principal term My in Mq(S2({(v,n))~2)) from
which we will deduce that item d) is satisfied. One easily gets for Re z < —1/2C
and p € D, fixed by dominated convergence that
. o > o(2z—p) _ 1 —. (0

}llli%Gz(u)fQ/o e do = PYC I G (). (A.9)
We would like to get some estimates of the derivatives 9j/(G. — G?) in
O(h{p)=™=1) on D, uniformly in z € {Rez < —1/2C} in order to apply
the formula (A.7) to those. We have

hfl
(G -G =2 |

[exp (z [% In (i i ZZ) - 20} 4 (d—2)In(1 + ha)) - 1} (—o)me? 21 dg

_ /Oh e [exp <z [%m(izg) ~ 2] +(d2)ln(1+ho)) 1}
(A.10)

( U)nea(Qz ”)dUJrO( Re(éz u)).
Let us denote

Gon(o) = [exp (z [% In G i ZZ) - 20} +(d—2)In(1 + ho’)) _ 1] (—o)"

and observe that for all 0 < k < n, one has

o%g.n(0)=0  and Ok g. n(h™1/2) = O(h™"(2)F). (A.11)
Besides, on o € [0,h71/2], it holds
n+1
O gon(0) = 3 O(h(z) ()07 7Y). (A12)
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Now, let us do n + 1 integrations by parts in the first term from (A.10). By
(A.11), each boundary term is O(h~"(2)*(2z — p)~ (kD eRe 2z=1)/Ch) " while
the remaining integral term satisfies

2 }z71/2
'(u2z)n+1 / g2 n(0)e” M do
o 0
SO o
< Cph 7/ O-j—1<o.>jeURe(22—H)da
jgl 22 = p| o
< Cnhm)*(”*l)

thanks to (A.12). Thus, we have shown that for n € N, 4 € D, and Rez <
-1/2C,

011G = G2)(w)| < Coho(p)~ Y.

Putting RY(v,n) = G%(v?/2 + 2n?)1d and defining My(v,n) as in (A.7) with
R, replaced by R?, we deduce that

|0%(M" — Mo)(v,n)| < Cah{(v,m))™>  onR?x I,
so item b) from Hypothesis 1.3 holds true. Finally, by definition of My and
thanks to (A.9) and (A.2), we have
1
My(v,n) = @(v2/4—|—n2) Id > 6((1},7]»_2 Id (A.13)

by assumption on g. Therefore, item d) from Hypothesis 1.3 holds true and
the proof is complete.

Appendix B: Linear Algebra Lemma

We use the following lemma which is inspired by [1], Lemma 2.6.

Lemma B.1. Let M € My (C) such that M = S(A+T) with S Hermitian and
invertible, A skew-Hermitian and T Hermitian positive semidefinite. Suppose
moreover that

MXerT)NKerT =Ker M NKerT = {0}.

Then, M has no spectrum in iR.

Proof. Let A € R and X € Ker [M — i)], we first show that X € Ker T. Since
T is Hermitian positive semidefinite, it is sufficient to show that (T'X, X) = 0.
Using the properties of S, A and T', we have

(TX,X)=Re((A+T)X,X)
=Re(ST'S(A+T)X,X)
= Re (iA(ST'X, X))
=0
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so X € Ker T. Thanks to the assumption, it only remains to prove that X €
Ker M. This can be done easily by noticing that

MX =iAX e M(KerT)NKerT
so M X = 0 by assumption.

Appendix C: Asymptotic Expansions

Let d’ € N*. Here, we use the convention Zj_:lo a; = 0 for any sequence (a;);>0
in a vector space. For K C Rd/7 the notation a = OCOO(K)(hN) (respectively,
a = OLOO(K)(hN)) means that for all 3 € N?, there exists Cp,N such that
10°a]|0o.xc < Ca.nh™ (resp. there exists Ciy such that ||al|eo,x < CxhY). We
will also use the notations from Definition 1.2 and (1.6).

Proposition C.1. Let m € N*; dy,...,dyn € N* and for 1 <j<m, K; C R%
some compact sets. Let a smooth function

on: [[Ki > KCx,
j=1
such that ¢, = Ocee ([, k;)(1). Consider g ~y, > ons0 " gn in S2(1) or in
C>®(K) if ¢1, actually takes values in R%. Then,
g" o dn ~n Y h"(gn o b1)

n>0

in C([11, K;).

Proof. Let N € N and denote 7y = ¢g" — ZT]::OI h"g, = 032(1)(hN).

N—-1
g" oy = <Z h"gn+mv>0¢h

n=0
N-1
= > h"(gn o én) + 1N 0 G-
n=0
But since all the derivatives of ¢; are bounded uniformly in A, and the ones
of ry are Opee(s;y(RY), we see that ry o ¢y, is Oc=(1m, ;) (h™) so we have
the announced result.

Proposition C.2. Since the matriz M" from Hypothesis 1.3 satisfies M" ~
Ym0 MMy, in Mg (S2(((v,1))72)), the vector of symbols g" defined in
Remark 3.12 also admits a classical expansion g" ~ Yonso b gn in
Mi.a(S52(((v,n))™1)), where the (g,) are given by -

. by
go(x,v,n) = <_Zt77+ E)MO(%UJ?)
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and
.t tU 1 t it
gn(xavan) =\t 77+ 5 Mn(xavan) - 5 vv - 5 V’I’] Mn—l(mav7n)
forn > 1.
Proof. We have
h St t no hfy iy h
9" =(—i'n+ "v/2)M —2<VU—2V77)M

, and the last term clearly admits the expansion
—Zh”l <tv _Lig >M !
v n n—
= 2 2

in S9(((v,m))~2). For the first term of g", it suffices to notice that for any
N e N,

t

o v
(" mt 5) O pta(s2((wap-2) P

Proposition C.3. Let K a compact set in RY and a ~y, Y s htan in C(K)
such that for allm >0, an ~n ;50 hiay ; in C*(K). Then,

a ~p Z h"iajﬁn,j in C(K).

n>0  j=0

M)

N
- OMl,d(SQ(«u,n)rl))(h )

Proof. 1t suffices to write for N € N

N—-1 N—-1—-n
a= Z h" Z hjan_,j + Ococ(K)(hNin) + Ocoo(K)(hN)
n=0 =0
N-1 n
= Z h" Zajﬁn,j + Ocoo(K)(hN).

n=0 3=0

Proposition C.4. Let K a compact set in RY and a € C*°(K) such that for all
B e N¥, there exists ag;j € C®°(K) such that 9Pa ~ > j50 hiag; in L=(K).
Then, ag; = 0%aq ;, i-e.,

aNZhj(lo,j m COO(K)

§>0

Proof. For simplicity, we take d’ = 1. Let us denote a; = ag, ;. By induction, it
is sufficient to prove the result for 3 = 1, i.e., prove that a; ; = a;-. Here again,
it suffices to prove the case 7 = 0 which we can then apply to the function
h=(a—ap) and so on. Let z in the interior of K and ¢t € R* in a neighborhood
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of 0. We look at the differential fraction
ap(x+1t) —ap(z) alx+t)—alz) O(h)
t - t T

=d(z) + t/o (1= s)a"(z + st)ds + %’1)

1
~ avala) + O ++ [ (1= )" (a+ st)ds + o®)

1
0 ai0(x) +t/ (1= s)ag,o(z + st)ds.
0

—

Taking now the limit ¢ — 0, we get a{(z) = a1 () which was the desired
result.

Proposition C.5. Recall the notation (3.11) and let K C RY @ compact set,
U : K — D(0,7)% a smooth function such that ¥ ~ 2250 hiW; in C>*(K) and
b an analytic function on %.. Then, B
boW ~ > Wb (C.1)
>0
in C(K), with

, 1. 9Pbo W, i
bp =boWy andforj>1, b;= z 3 Z H Z H(\Pal)k )

|B|=1 s€Sp; k€EKy \a€Ag, , 1=1

where Kg = supp 3 = {k € [1,d]; B # 0}, Sg; = {s € N¢; supps =
Kp, |s| =7 and s > B} and Ag s = {a € (N*)P; |a| = si}.

Proof. We first prove that (C.1) holds in L*°(K). Doing a Taylor expansion
of b, we have for N € N* that

boW =bhoWy+ Z %(xp —T)? + 0((@ - \IIO)N)
18l=1 '
N—-1
OPbo W
=boWy+ Y (W~ W) + Opee iy (BY) (C.2)
18l=1 A

since ¥ — Wy = O¢oe (g (h). Now, one can see that

wwy = Y 3 TS 1T,

]ZIB' Sesﬁ k’EK,B G.E‘A,@’S_’)C =1
o (C.2) gives

o B
boW =boWy+ Z o bﬁ ‘I’O[ Z S | ( > H(\pm)k)Jrocx(K)(hN)}

18l=1 =B8] SESs; kEKy \a€Ag x 1=1

+OL°<(K)(hN)
N dL 8Pbo Bre

—bowe+ S0 Y SOOI (X T (Wa),)+ 0o (h™)

!
j=1 18|=1 B s€ESp; keEKg a€Ag,pl=1
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which proves that (C.1) holds in L*(K).

Besides, the derivatives of b o ¥ are linear combinations of products of
some derivatives of ¥ with some 07b oW where 7 is a integer multi-index. Hence,
the expansion of ¥ in C*°(K) and the result that we just proved applied to
b o W instead of bo ¥ yield that for all 3 € N%', 9% (bo ¥) admits a classical
expansion in L (K) whose coefficients are smooth. Therefore, Proposition C.4
enables us to conclude that (C.1) holds in C*(K).

Corollary C.6. Using the notations from the proof of Lemma 4.1, we have

! .
gn (m, %, n+ip(z,v, v/)) ~ Z B gn.j(z,v,0",m)  on Bo(s,2r) x Bso(0,2r)
320
with

v+

Gno(z,0,0",1) = gn (rc ,n+i¢o(w7vvv’))

and for j > 1

gn.j (@, v,0",n) = iDygn (w oy +’i¢0(ﬂc7v,v')> (¥j(z,v,0")) + Rj(lo, ..., j—1)
where R} (COO(BO(S,%)))j — C>(By(s, 2r)).

Proof. Since 9(s,0,0) = O(h), we can suppose that r was chosen small enough
so that (x,v,v',n) — 0+ i(z,v,v") sends By(s,2r) x By (0,2r) in D(0,7)¢
Hence, we can use Proposition C.5 to get that

/
9n (55, %, n+ip(x,v, v/)) ~ Z hIgn, ;i (z,v,v",m) on Bo(s,2r) x Beo(0,2r)

j=>0
with
v+ )
Gno(z,0,0",1) = gn (fc 5 7n+lwo(fc7v7v'))
and for j > 1
18| /
Gn,j (2, 0,0",1) Z : fgn(%%,nﬂzbo(w’v?v')) >
[8]=1 s€Sga, 5

(X e ©3)

kEKp “a€Ap sk l=1

where Kg = supp 8 = {k € [1,d]; Bx # 0}, Ss; = {s € N¢;supps =
Kg, |s| = jand s > 8} and Ag s = {a € (N*)P; |a| = s;}. Now, we see
thanks to (C.3) that the terms of g, j(x,v,v’,n) for which || =1 yield

. v+ .
ZD’I’]gTL (l‘, Ta n+ ’L'(/Jo(l‘, v, U/)) (z/}](l‘7 v, ’Ul))a
while the terms for which |3| > 1 only feature the functions £, ..., ¢;_1.

Finally, we state the version of Laplace’s method for integral approximation
that we use in this paper.
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Proposition C.7. Let xy € Rd/, K be a compact neighborhood of xg and ¢ €
C>®(K) such that zq is a non-degenerate minimum of ¢ and its only global
minimum on K. Let also ap ~ .5 hlaj in C>*(K) and denote H € My (R)
the Hessian of ¢ at xg. The integral

det(H)'/? _e@) ¢z
el

admits a classical expansion whose first term is given by ag(xo).

Appendix D: Proof of Lemma 4.3

According to the proof of Corollary C.6 and the end of the proof of Lemma
4.1 from which we keep the notations, we have the following expression for R;:

Rj(éoa cee ,ej_l)(l',’t))

= Z ;‘(31/ . 87])7“ (gng,ng (.’B, v, U/, n)avéml (Z‘, ’U/))

71!

ni+ne+nz+ng=j %:Zé’
n3,n4F#j
(D.1)
I 48l Y
+ ; Zﬂ—!é‘fjgo (x, Y 21] ,z(g + lo(x,v) &,éo(x,v)))
=2
Br
X Z H < Z H (Y, (x,v,v))k)&,fo(a:,v)
s€Sp,; kEKg “a€Ag sk l=1
j—1
+ 1Dy g0 (Jc,v, i(v/2 + Lo(x,v) Oplo(z, v))) Z (Ek&)éj_k)(x, v) Oplo(z,v).
k=1

Using Lemma 4.2 and (C.3), it is clear that the last two terms of R;({o, - - - ,¢j-1)
given by (D.1) and the terms of the first sum for which n; = 0 are real valued.
For the rest of the first term, we start by noticing that one can establish by
induction that for ny > 1,

@ -0)™ = Y oMo (D.2)

pE[L,d]™

where using the notation (3.22), we define y(p) = Y 1L, e, (note that |y(p)| =
ny). Besides, we have for 0 < ns < j and p € [1,d]™

v+

8@ g, o(z,v,0',0) = 91 Pg,, (x -

,wo(m,v,v’)) eimR?!  (D.3)
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according to Lemma 4.2 and in the case j > 2, for 1 <nzg <j-—1

6g(p)gn2,n3 (l‘, v, ’Ula O) (D4)
2, gl v+
= Z ﬁaﬁ+7(”)gn2 (x,T io(z,v,v ) Z H
|Bl=1 $€ESg,ny kEK
Bk
(X ),
CLEAg,S,k =1

where we used (C.3) and Lemma 4.2 once again. The combination of (D.2),
(D.3) and (D.4) enables us to conclude that the term

1 n
Z ann ] (a”/ 877) ' (gnmns(xﬂvvvlvn)avau (x7vl)) o =v
ni+nz+ns+ns=j n=0
n1#£0;ng,na#j
from (D.1) is also real so R;(£5, ..., £5_;) is real valued. For the last statement,

it suffices to use the formula (D.1) after noticing that ¢ (and hence the (gn, ns))
remain unchanged when / is replaced by —/.
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